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Abstract 

We enumerate massless E 6 singlets for (0,2)-compactifications of the heterotic string on a 
Calabi-Yau threefold with the "standard embedding" in three distinct ways. In the large 
radius limit of the threefold, these singlets count deformations of the Calabi-Yau together 
with its tangent bundle. In the "small-radius" limit we apply Landau-Ginzburg methods. 
In the orbifold limit we use a combination of geometry and free field methods. In general 
these counts differ. We show how to identify states between these phases and how certain 
states vanish from the massless spectrum as one deforms the complex structure or Kahler 
form away from the Gepner point. The appearance of extra singlets for particular values of 
complex structure is explored in all three pictures, and our results suggest that this does not 
depend on the Kahler moduli. 



1 Introduction 



The earliest form of model building in string theory consisted of "embedding the spin con- 
nection in the gauge group" for a Calabi-Yau compactification of the Eg x Eg heterotic 
string [l]. These correspond to (0,2)-compactifications that happen to have iV = (2,2) 
worldsheet supersymmetry. A natural question to ask concerns the counting of massless 
states in uncompactified spacetime which are singlets under the unbroken E 8 x E 6 gauge 
symmetry. This turns out to be a fascinating question that has received rather sporadic 
attention in the past 25 years. 

These massless states correspond to first order deformations of the theory. Marginal 
deformations must preserve the (0,2) superconformal symmetry |2). Deformations that pre- 
serve the full (2,2) invariance constitute the familiar (2,2) moduli space. Its dimension is 
constant (3l, and in a geometric phase it corresponds to the unobstructed E) deformations 
of complex structures and changes in the complexified Kahler form. The remaining moduli 
that only preserve (0,2) invariance are harder to describe. As a first step, we may count the 
massless gauge singlets in the four-dimensional effective theory. Each of these is a first order 
deformation that may be obstructed at higher order. 

Unfortunately, the identification of all massless singlets at a generic point in the (2,2) 
moduli space is well beyond our current abilities. To make progress, we must work at certain 
limiting points where the spectrum is accessible to available techniques. These include large 
radius points, Landau-Ginzburg loci and the Gepner points they contain, and orbifolds. In 
each of these points the techniques used to identify the singlets are rather different, and 
the resulting description of the space of first order deformations might appear as mysterious 
as an elephant to the group of proverbial blind men from Indostan. Can these different 
descriptions be reconciled? 

In the large radius limit of a Calabi-Yau phase, the counting of the singlets is quite easy to 
visualize. The (2,2) singlets manifest themselves as infinitesimal deformations of the complex 
structure or complexified Kahler form of the Calabi-Yau, while the less familiar (0,2) singlets 
correspond to first order deformations of the tangent bundle, counted by H 1 (End T). This 
group can jump with complex structure [5]; moreover a "generic" first order (0,2) deformation 
is expected to be lifted by world-sheet instantons [6). One might expect, therefore, that the 
Gepner models corresponding to certain Calabi-Yau threefolds might count the number 
of (0,2)-deformations differently. After all, the Gepner model describes physics at some 
"minimal radius" for the Calabi-Yau threefold, well away from the large radius limit, for a 
special choice of complex structure. Singlet counts for Gepner models were comprehensively 
listed in [7]. 

So perhaps the different aspects of the elephant cannot be reconciled. It may be that 
the number of singlets varies wildly across the moduli space. We will argue here that is not 
the case. The behaviour of the singlets is quite orderly, with relatively modest jumping in 
the singlet count. As is well studied, the quintic threefold provides a remarkably boring case 
study, where the number of singlets is fixed except for a handful of singlets associated with 
extra U(l) gauge symmetries at the Gepner point. 

In the case of the quintic, the gauged linear sigma model offers a beautiful explanation of 
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this behaviour. As already noted in [8], the (2,2) GLSM describing a Calabi-Yau complete 
intersection in a toric variety has natural (0,2)-preserving deformations encoded in a (0,2) 
superpotential for the gauge theory. The holomorphic parameters of this superpotential 
encode the "toric" Kahler moduli, the "polynomial" complex structure moduli, as well as a 
subset of classically unobstructed bundle moduli. This GLSM parameter space was recently 
studied in some detail in the case of Calabi-Yau hypersurfaces [9]. Remarkably, these GLSM 
deformations have been argued to correspond to exactly marginal deformations of the (0,2) 
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Getting back to the quintic, it is not hard to see that all elements of H 1 (End T) can be 
represented as deformations of the (0,2) GLSM superpotential. Hence, it is not too surprising 
that the singlet spectrum at the Gepner point simply differs by a few states associated to 
the un-Higgsing of additional gauge symmetries. 

More generally, there are certainly models where H 1 (End T) is not fully described by the 
(0,2) GLSM, and the additional singlets, unprotected by GLSM arguments, should suffer 
the fate of the "generic" large radius singlet and become massive away from the large radius 
limit. 

In this paper we will study various cases which have a little more structure than the 
quintic. We will show how the bulk of the spectrum stays fixed and can be tracked nicely 
between the Calabi-Yau and Landau-Ginzburg pictures. We will also see how various mass- 
less states can appear in some subspaces of the moduli space. In some cases these extra 
states can be tracked all the way from the Gepner model to the large radius limit. 

The orbifold is an important intermediate step on a path from the Gepner model to the 
large radius limit. Comparing the orbifold to the large radius limit is extremely well studied 
in the context of (2,2) theories. Here the relationship between the orbifold and its resolution 
is now generally known as the McKay correspondence. A McKay correspondence for the 



(0,2)-case has been quite neglected, despite its origin in string theory being as old 13 . We 
make some first efforts in this direction here. In particular, at the orbifold limit the massless 
states can be characterised as "untwisted" or "twisted," and we are able to compute the 
spectrum of states of both types. In the case of a Calabi-Yau space with a curve of quotient 
singularities this involves understanding how the six-dimensional theory determined by the 
quotient is compactified on the singular curve and leads to a twisted compactification familiar 
from the study of wrapped D-branes. This is a first step toward a McKay correspondence, 
but there are some subtleties we do not resolve here. 

We will focus on 4 examples of Calabi-Yau threefolds in a (weighted) projective space, 
each of which has its own merit: 

• a quintic in P 4 is the simplest and most studied case; 

• a sextic in P^im has extra singlets states at small radius; 

• a septic in Pf im is a blown-up orbifold and demonstrates the (0,2) McKay correspon- 
dence; 

• an octic in P22211 exhibits many complications, including extra singlets appearing both 
at special radii and at special complex structure. 
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The Landau-Ginzburg locus for the sextic and octic theories has additional singlets in 
comparison to the large radius computation, which are not associated with an enhanced 
gauge symmetry. What is the fate of these singlets as we move away from the Landau- 
Ginzburg locus by turning on a Kahler deformation? The only reasonable possibility is 
that they acquire a Kahler-dependent mass term, which is indeed allowed by the quantum 
symmetry of the Landau-Ginzburg orbifold and consistent with the fact that the number of 
additional chiral singlets is even. 

This would be challenging to verify directly even at the Gepner point, since it would 
require us to compute correlators of several twisted states. Luckily, we have a tool at our 
disposal that would be singularly unhelpful to the six blind men: we can take a look at our 
elephant in the mirror. Using mirror symmetry we are able to show that the extra singlets 
do indeed acquire a Kahler-dependent mass. 

The extra singlets provide examples of states with Kahler dependent masses; however we 
observe that in all of our examples every large radius singlet, whether it is a (0,2) GLSM 
deformation or not, remains massless at the Landau-Ginzburg locus. Thus, we have yet to 
find an example of a "generic" large radius singlet that is lifted by world-sheet instantons. 
Instantons could well lead to higher order obstructions for these first order (0,2) deformations, 
but we find it remarkable that an instanton-induced mass term for the non-GLSM singlets, 
while allowed by symmetries, is not generated. This suggests that there may be a non- 
renormalization theorem with a wider applicability than the one currently known for the 
subspace of GLSM deformations^] 

The rest of the article is organized as follows: in sections [2] and [3] we review and develop 
the technology necessary to study heterotic spectra in Landau-Ginzburg and Calabi-Yau 
phases. Section [4] is devoted to a comparison of the general results, while section [5] contains 
specific computations in the examples. 

2 Singlet Spectrum at the Landau-Ginzburg Locus 

Describing the massless spectrum of a heterotic vacuum as a function of the moduli is 
a difficult affair even in string perturbation theory, since it requires a knowledge of the 
marginal operators in a non-trivial SCFT. At certain points in the moduli space the SCFT 
may reduce to a solvable theory: for instance, it might be an orbifold of a free theory or a 
Gepner model. When this holds, the full perturbative string theory is under control: the 
spectrum is computable, and any scattering amplitude can be reduced to an integral over the 
moduli space of a punctured Riemann surface. In principle, conformal perturbation theory 
can then be used to determine these properties in an open neighborhood of the solvable 
point. Unfortunately, in practice conformal perturbation theory is difficult to carry out in 
full generality. For instance, even in an orbifold of T 6 little is known about the dependence of 

1 We have a hint of this possibility already from the (2,2) moduli space: a generic Calabi-Yau hypersur- 
face will have non-toric and non-polynomial deformations that are not described by familiar holomorphic 
couplings in the GLSM Lagrangian; although standard GLSM arguments do not apply to these, each such 
deformation corresponds to a deformation of the CFT. 
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spectrum and amplitudes on the twisted sector moduli corresponding to Kahler deformations. 

To make progress it turns out to be useful to sacrifice a little of the ambition: if we 
cannot determine the spectrum as a function of all the moduli, perhaps we can do so on 
some suitably nice locus in the moduli space. For instance, in the example of a T 6 orbifold 
we can look at the dependence of the spectrum on all of the untwisted moduli. This example 
is perhaps not very exciting, since as far as this dependence is concerned, we are basically 
dealing with a solvable theory. The Landau-Ginzburg models provide an important class 
of examples where the massless spectrum can be determined, even though the theory is not 
a solvable SCFT. In particular, the Landau-Ginzburg description allows us to follow the 
massless spectrum as parameters in the superpotential are varied. 



2.1 (2,2) Landau-Ginzburg Generalities 



In this section we review some standard results on (2,2) Landau-Ginzburg models 14, 15 



and their uses in heterotic compactification 16 . A (2,2) Landau-Ginzburg theory with a UV 



R- symmetry is defined by a Lagrangian for N chiral superfields X 1 with canonical kinetic 
terms and a quasi- homogeneous superpotential W(X) satisfying 

W(\ a *X l ) = XW(X). 

The superpotential coupling is a relevant deformation of the free theory, and under suitable 
conditions the IR fixed point is believed to be a non-trivial compact (2,2) SCFT, with the 
UV R-symmetry corresponding to the R-symmetry of the IR theory. In such theories the 
critical point set of W, i.e. points where dW = 0, is the origin in C n , and without loss of 
generality the oti may be taken to be < ati < \. 

While following the Landau-Ginzburg RG flow is a non-trivial affair, it turns out that a 
number of properties of the theory, in particular those involving the supersymmetric ground 
states, are independent of the RG details. Perhaps the most elegant way to encapsulate the 
accessible IR physics is via a representation of the left-moving N = 2 super-conformal algebra 
in the cohomology of the right-moving supercharge Q of the UV theory [17] . The propagating 
fields in a (2,2) chiral multiplet X % and its complex conjugate anti-chiral multiplet X % consist 
of the bosonic x l , its complex conjugate x 1 , the right-moving fermions an d the left- 
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Table 1: Weights and charges of the fields 



moving fermions 7L , Y_ . Define T, J, bjj^] 

T° = - 2dx i dx i ) , 

i 

J = J2{(ai- lhY - 2a i x i dx i ) 



T = T°- \dJ, 



G~ = 2iV2j2 r T i 9x i , 

i 

G + = iV2j2 {(! - oi i )j i dx i - oitf&f} 



(1) 



It is easy to show that these operators are Q-closed up to the equations of motion of the 
UV theory; moreover, the super-renormalizability of the Lagrangian allows us to evaluate 
the algebra of these operators via free-field OPEs. The result is that this is a representation 
of the N = 2 algebra with central charge c = 3 5^(1 — 2a,i). The conformal weights h and 



charges q of the fundamental fields are given in table 2.1| the table also lists the charges q 
under the right-moving R-symmetry. 

The left-moving N = 2 algebra in Q cohomology is perfectly suited to study supersym- 
metric ground states of the theory. In string theory, these right-moving Ramond sector 
states correspond to massless fermions in the space-time theory, and in a space-time super- 
symmetric compactification knowledge of these states is sufficient to reconstruct the mass- 
less spectrum. While in general determining the Q cohomology is a challenge, the super- 
renormalizability of the Landau-Ginzburg theory reduces the computation to two simple 
steps 16 : the UV theory is truncated to the fields in the N = 2 algebra of (jib, and the Q 



operator acts on the remaining modes via 



Q 



dz 
2~ixi 



YdiW(x). 



(2) 



2.2 The Landau-Ginzburg Orbifold 

In order to apply these ideas to string compactifications, they must be generalized to Landau 
Ginzburg orbifolds. This 
heterotic backgrounds in 



Ginzburg orbifolds. This has been carried out in 16 and extended to a wide class of (0,2) 

In this section we will review the (2,2) heterotic models. 



18-20 



2 We use the notation where ± denotes R-charge, not world-sheet chirality. 
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Following Gepner 21 , we know that a c = c = 9 (2,2) SCFT with integral q — q charges 
can be used to construct a space-time supersymmetric E 6 x E 8 heterotic compactification. In 
Landau-Ginzburg models the natural way to achieve this is to orbifold by exp(27riJ) (22). In 
the Gepner construction, the "internal" theory is tensored with a free theory of 10 left-moving 
Majorana-Weyl fermions X A , as well as a level-one left-moving E§ current algebra. Adding 
four (0,1) superfields for the four Minkowski directions leads to correct central charges for a 
critical heterotic string, and modular invariance and space-time supersymmetry are ensured 
by performing a GSO projection on the world-sheet fermion numbers on the left and the right. 
The right-moving GSO projection is, as usual, responsible for space-time supersymmetry, 
while the left-moving projection ensures that the manifest SO(10) x U(l) gauge symmetry 
is enhanced to E 6 J^] 

In the (2,2) Landau-Ginzburg theory, the GSO projections are conveniently combined 
with the orbifold onto integral q: we simply orbifold by g = exp(— 27r J) and project onto 
suitable fermion numbers, both on the left and right, mod 2. The massless fermions that are 
E 6 x E 8 singlets come from the (NS, R) sectors, i.e. the sectors twisted by g k with k odd. 
In such a sector the GSO projection amounts to keeping states with integral q. Since a, are 
rational, g 2d = 1 for some integer d, and hence there are 2d — 1 twisted sectors. Space-time 
CPT exchanges the k-th twisted sector with the (2d — k)-th sector, so we need only consider 
k — 1, 3, . . . , d. 

Massless fermion states must be in the Q cohomology, and level matching implies that the 
left-moving energy E must vanish. The Eq representation, as well as the type of space-time 
multiplet (vector or chiral/anti-chiral) is determined by the q, q charges. The Eq represen- 
tation follows from the standard decomposition 

E 6 ^ SO(10) x U(l) 

78 H- 45 + 16 3/2 + T63/2 + lo 

27 16 1/2 + 10_! + 1 2 

27 m. l6_i /2 + 10i + 1-2- (3) 

The Eq singlet states must have q = 0. The type of space-time multiplet can be determined 
by working out the action of spectral flow on corresponding (NS,NS) operators. The result 
is that a massless fermion with right-moving charge q = ±| is a vector; if q = — | it belongs 
to a chiral multiplet, and if q — |, it belongs to an anti-chiral multiplet. 

The algorithm for determining the singlet spectrum is therefore quite simple: for each 
odd sector in the Landau-Ginzburg orbifold, we must identify states in the Q cohomology 
with E = q = and q — ±|. Since we restrict to the Q cohomology the left-moving quantum 
numbers can be determined from the left-moving N = 2 UV algebra. It is useful to note 
that Q commutes with the left-moving algebra and has a definite right-moving charge q — 1 . 
Thus, in any sector the zero energy states live in a complex 

> U- 3 /2 Q > £7_i/2 Q > U1/2 Q > U 3 / 2 > ■ ■ ■ , (4) 



where the Ug are states with definite q charge. 

3 The U(l) factor is precisely the left-moving R-symmetry. 
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2.3 Quantum Numbers in Twisted Sectors 

The remaining question to be addressed is the computation of the E, q and q quantum 
numbers in the twisted sectors. The E and q quantum numbers of the twisted vacua can 
be obtained by using the UV N = 2 algebra. In the k-ih sector the fields have a twisted 
moding 

x\z) = <z- S ~ h \ 7*(*) = E ^ z ~ S ~~ hl 

2dx\z) = £ P>~ S+h '~\ = E tz- S+ ~ hi ~\ (5) 

where 2hi = aii, 2hi — 1 + and 

Vi = — - (mod 1) < Vi < 1 



2 

k((Xi - 1) 



(mod 1) -1< Vi < . (6) 



The Fock vacuum \k) is defined as the state annihilated by all positive modes. The left- 
moving quantum numbers of \k) can be computed by working out the one-point functions 
of J and T via the mode expansion. For instance, we easily find 

2(k\x i (w + e)dx i (w)\k) = e" 1 + (^ - h^w' 1 + 0(e), 

{k\Y(w + e)r (w)\k) =e- 1 + (l + u i -h i )w- 1 + 0(e). (7) 

Using a point-splitting regularization for J, these correlators imply 

w(k\ J(w)\k) = E [( a i ~ + -hi) - OLi(vi - hi) , (8) 

i 

whence we read off the left-moving charge of \k) as 

q k = E [(«< - !)(^ + I) - ^(^ - • ( 9 ) 

i 

Similarly, we obtain the weight via w 2 {k\T(w)\k) = h k : 

3 1 
h k = - + A k , A k = -Eh( 1 ~^)+^( 1 + ^)]- (10) 

i 

To obtain the energy, we must transform from the plane to the cylinder and remember to 
include contributions from the other left-moving degrees of freedom. In sectors with k even, 
we find E k = — an answer in line with the (2,2) supersymmetry. For k odd, the result is 

# = 3+A fc -— + 0-— + 0-— +0-— =-- + A fc . 
k 8 * 24 v v 24, v 24, 8 V ; 

LG SO(10) E 8 , NS space-time 
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The remaining quantum number is the right-moving R-charge. The simplest way to 
determine this is to note that in the UV the right-moving current J is related to the left- 
moving current via J = J + Jb, where Jb assigns charge +1 to Y and —1 to The Jb 
symmetry is independent of W, and we can evaluate the charge of the twisted vacuum by 
simply setting W — 0. Combining this with the result for J, we find 

Qk = + \) + ( a i ~ !)(-^ + I)] • C 12 ) 

i 

Having determined the ground state quantum numbers, we will construct E = q = 
energy states by acting on \k) with the lowest excited modes, which we will denote by 

Xi = x l _ v ., pi = p % v ._ x , 7, = 7-i-^, 7i = %■ (13) 

As usual, an oscillator with mode v will contribute — v to the energy. In describing the Q 
cohomology we will also need the conjugate modes, which we will distinguish with a dagger: 

4=pU> pI = x i-u^ i\ = i\+u^ i\ = i%- (14) 

The Q operator takes the general form 

Q = E {i&Wwi + } • (is) 

i 

2.4 The Quintic 

We will now apply the method reviewed above to determine the singlet spectrum at the 
Landau-Ginzburg point in the moduli space of the quintic in CP 4 . This calculation was 



performed in 16 , and we repeat it here to review the notation and also to remark on 
some universal features of such models. The theory is described by the superpotential 
W(X , . . . , X 4 ), a degree five polynomial. The R-charges of the fields are a« = |, so that the 
Z5 orbifold acts by multiplying the fields by fifth roots of unity. Thus, there are ten twisted 
sectors. CPT invariance allows us to restrict to k = 0, . . . , 5, and since we are interested in 
the singlets, we can restrict to odd k. The ground state quantum numbers and field modings 
for the sectors are given in table [2] 

Zero energy states with q = are only found in the k = 1 and k = 3 sectors. An explicit 
basis for these states is 

g = -| Q = -- 2 (is) 



7;7j|l)25 
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2*^11)25 
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10 
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10 
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3 
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5 





-2 


1 

2 


1 
2 






Table 2: Ground state quantum numbers and modings for the quintic. 



Unless indicated otherwise, here and in what follows Fu] denotes a degree d polynomial in 
the X{ with respect to the multi-grading of the relevant homogeneous coordinate ring (in this 
case the Xi just have charge 1). The subscript of the ket indicates the number of linearly 
independent states of each type. The map Q : U^ 3 / 2 —> U-xji is given by 

Q = j\d i W + li d ij Wp], (17) 

so that the image of an arbitrary state G £/-3/2) specified by two matrices c JJ and cf J is 

Q|V> = Q {4cS%- + d ij x iPj } |1> = {-A&djW + d^Xkd^W) 7i |l). (18) 

What is the kernel of Ql Since W is quasi-homogeneous, dimkerQ > 1 for any W. A 
Q-closed state is obtained by setting c lJ = cf- 7 = 5 y . In fact, for generic W this is the 
only Q-closed state in LL3/2. Its existence is not surprising: this is the vector multiplet 
corresponding to the unbroken U(1)l symmetry. Thus, we find that there are generically 
301 massless chiral singlets in the k = 1 sector. 

When W is taken to be Fermat, we find that there are five Q-closed states at LL3/2, with 
cf J = d l 5 1 ^ and c u = d % K Again, this is not a big surprise, since at this point in the moduli 
space the theory reduces to the Gepner model for ©f =1 A|. This theory has five unbroken 
U(l) currents, each of which leads to a massless vector multiplet. So, at the Fermat point 
we find 305 massless chiral singlets at k — 1. 

The physics encoded by the change in ker Q is just the supersymmetric Higgs mechanism: 
the disappearance of a massless vector multiplet is accompanied by the disappearance of a 
massless Eq singlet chiral multiplet. The number of massless vector multiplets is given by 
the number of decoupled components of the Landau-Ginzburg theory. For instance, turning 
on the unique monomial containing all the fields breaks all but one of the currents and leads 
to 301 massless singlets. 

Finally, we turn to the k = 3 sector. Here there are 25 zero energy states with q = as 



shown in (16). Clearly Q = in this sector, so that all of these states correspond to massless 



singlets. Combining these states with the k = 1 singlets, we see that the theory contains 
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326 massless singlets for generic W and 330 at the Fermat point. Subtracting the 1 + 101 
(2,2) moduli, we find 224 singlets that are not associated to extra U(l) gauge symmetries. 

The (2,2) Landau-Ginzburg Lagrangian can be deformed to a (0,2) theory by replacing 
diW with arbitrary quartic polynomials W l in the component Lagrangian. Although the G 
generators of the left-moving SCA are no longer conserved, the J and T still generate a left- 
moving U(1)lX Virasoro algebra. The computation of the ground-state quantum numbers 
and Q cohomology are unchanged by these deformations. 



2.5 Universal Structure in LG Singlet Spectrum 

The spectrum of singlets we have seen in the quintic in fact exhibits a pattern that is some- 
what universal and will be useful in connecting the Landau-Ginzburg results to calculations 
in the large radius phase. Consider a Landau-Ginzburg model with N = 5 fields and arbi- 
trary charges < an < | such that 5^(1 — 2a i) = 3. We will consider the k = 1 and k = 3 
sectors of any such model and find that some singlet states are universally present. 
To simplify expressions, note from do!) we have 



- ±, < Vi < i 

3 



*=<*-i: i^*<i. (i9) 



We begin with the k — 1 sector. Here 

< Ui = \aci < \ and - § < ^ = u { - \ < —\. 

Inserting these values we find E\ = —1 and (51, q x = (0, — |). These values show immediately 
that zero-energy states will be given by 

|V> = (F(x,7) + G 4 (x,7) Pl + ^(x,7)7 4 ) |1> • (20) 

Since Vi oc aj functions of x can be classified by their degree, f^(X aid Xi) = X p f(x), so that 
p determines the charge and energy of f(x). We also use the notation n« = aid G Z. A 
possible chiral field with a = | must here be distinguished, so we use the somewhat clumsy 
notation 

oli = \ I = 0, . . . , n — 1 ; 

<a a < \ a — n, . . . ,4 . (21) 

Clearly, 0<n<l;ifn = the first row is vacuous. 

Considering the first term in (J20|), the zero energy condition shows that 



F(x,7) = F M {x) + F( d+ni] (x)^ + F i [ l i+n . ] {x)^fj j + ■■■ 

+ -^[ni+™+n m -(m-2)d]^U ' ' ' 7i m H • (22) 
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The expansion extends so long as there are terms for which the degree of F is positive. All 
of these yield states at q — 2. The second term potentially yields two types of zero energy 
states 

G I (x,-f)=G{ ni] (x) + G I j I 

G a {x^) = G\ na] {x) . (23) 

States of the first type have (q, q) = (0, — |) and represent singlets in vector multiplets. The 
second term in the first line contributes n states at (q,q) = (0,-1). The third term also 
yields two types of zero energy states 

H\x^) = H{ d _ ni] {x) + Hl_ ni] (x)^ . (24) 

The first of these contributes states at (q,q) = (0, — |) (chiral matter) and the second at 
(0, — |) (vector multiplets). This exhausts the possible singlet states at k — 1. The action 
of Q is determined from (15) 

Q{G^ lPl ) = G'djWpT, Q(G l Pt ) = G% k W lk , Q(H% 7i ) = H^d.W^ . (25) 

k 

We now move to the k = 3 sector. In general we will not enumerate all possible states 
at q = E = or the action of Q. Rather, we will show that certain states arise universally 
at q — — |. Here a different distinction among the fields by weight is appropriate 



\<a A <\ \<v A <\ -l<VA<-i A = 0,...,m-1; 

0<a a <l <v a < | -\<v a <S a = m,...,4. (26) 

Clearly n < m < 2. Inserting these values we find that the ground state is characterized by 

2E 3 = m — 1 — 3 ola\ 

A 

(93,9 3 ) = ^ m ~ 1 ~ ^2 a A, -\ ~ ^2^A^j ■ (27) 

We will not attempt a complete characterization of all zero-energy states in this sector but 
note that the following states always arise: 

*&a] n 7*i 3 >' #fnj(*)7.n™i 3 >- (28) 

B^A A 

Note that since we still have oc «j we classify functions of x by degree as above. All of 
these states have (q, q) = (0, — |) and represent scalars in chiral multiplets. The first term 
obviously contributes when m is nonzero. The coefficient space for these states is identical 
to the first row of q = — | states in the k — 1 sector in table [3] and in terms of counting 
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®iG\ ni]Pi \l) 

©ry>n i flg J _ n . ] 7j7i|l) 

©a^ a] rWA7a|3> 

© 

©^K]7 a nA7A|3) 

Table 3: Universal Singlets in Landau-Ginzburg models. 

singlets they explicitly "cancel them out." In general there can be other zero energy states 
at k = 3. These can include states with charge (0, — |) and nontrivial Q action, so not all 
of the states listed above are physical. In all cases we have observed, the coefficient spaces 
of these q — — | states are then repeated as coefficients of q = —\ states in other sectors, 
effectively canceling again. We term this reappearance of k = 1 states in higher sectors the 



"cascade." We will see an example of this in Section 5.2.3 

The set of states we have listed here is present in any Landau-Ginzburg model where 
the orbifold simply projects onto integral R-charges. In the case of the quintic this is the 
complete complement of singlets. In other models there will be additional states in various 
sectors, but these universally present states will figure in comparing the Landau-Ginzburg 
phase with the orbifold. 

2.6 More LG Orbifolds 

The methods described above are easily extended to study quotients of the Landau-Ginzburg 
models discussed above by further discrete symmetries. These will be useful when construct- 
ing the mirrors as Landau-Ginzburg models]^] A model with charges «j = rti/d has a natural 
non-i? action of U(l) acting by phases on the worldsheet chiral multiplets $j. This is 
broken by the superpotential W, and for generic W it is broken to Z^, by which we took 
the quotient above. Special nonsingular superpotentials leave a larger discrete subgroup 
G C U(l) N unbroken, and we can construct quotient theories following the same steps as 
above, with the simplifying feature that the new symmetries act non-chirally. In what follows 
we will take G to be abelian, and we will not consider general choices of discrete torsion in 
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The symmetry groups by which we quotient will act by phases on the chiral multiplets. 
We represent the group elements by iV-tuples of rational numbers defined up to integers, so 
that the vector w represents the action of g G G: 

g:$i^ e 2mw ^ t , (29) 



4 In addition, a generic Landau-Ginzburg phase of a GLSM will have such further quotients as part of 
the discrete gauge symmetry. 
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generating a cyclic action of order d(w) = gcd(wj). 

To construct the quotient by a group generated by vectors we introduce twisted 
sectors labeled by < t (a) < d(w (a) ) - 1. The new symmetry is not an i?-symmetry so the 
twists of bosons and fermions ^ are modified to 



knii +J2 t(a)w i a) ( modl ) o < ^ < i 



2 



k( ai l) + ^ t (a) w (a) (modl) -l<5i<0. (30) 



We also introduce a projection onto states invariant under (29). 



The G action in twisted sectors is determined by the requirement of modular invariance 



from (29). For a non-chiral symmetry this is the same as the action in the untwisted sector, 
and the twisted vacua are uncharged. The GSO projection, however, is chiral and thus 
sectors with nonzero k will in general carry a G-charge|^] The charge is easily computed by 
working with the UV fields and free OPEs. Since the twisted bosons make no contribution, 
it is sufficient to consider the action of g on the fermions, which we express as a subgroup of 

the U(l) vectorial symmetry with current Jq = Yji w i{l %7 ? + V ,l, )■ The full U(l) symmetry 
is broken by the superpotential couplings, but since W is G-invariant, we can use this 
embedding to compute the G-charge. The result is that a twisted vacuum \k, t^) transforms 
by a phase e 2mq9 , with 

q g = y^wffi -Vj + 1) (modi). (31) 

i 

The quotients of interest to us will be those preserving space-time supersymmetry. This 
requires that the left-moving spectral flow operator, in the k = 1 sector, be preserved by the 



projection. We can construct this operator in the free field representation of section 2.1 and 
find that it is preserved if 



J2^i = 0. (32) 



Note that since (29) depends on Wi only modulo integers, this condition is equivalent to the 
more familiar 

^2 w i € Z (33) 



in terms of restricting the allowable quotients. In the twisted sectors, (31) will hold when w 
are chosen to satisfy the more stringent condition. 

2.7 Gepner Models and Mirror Symmetry 

For special values of the superpotential couplings, the Landau-Ginzburg model in all of our 



examples is an exactly solvable theory 24 . Prior to the orbifold of section 2.2 we have a 



3 We would like to thank B. Wurm for his help in clarifying this point. 
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product of (2,2) minimal models. This, of course, allows a calculation of the spectrum of 
singlets at this point in the moduli space, but this is equivalent to a special case of the 
Landau-Ginzburg calculation, as discussed above. The utility, to our work, of the Gepner 



model, is that at this point we have a construction 25 of the mirror model as an orbifold, 
as well as an explicit mirror map in terms of the Gepner construction. This allows us to find 
the singlet states in the mirror model corresponding to the states we enumerate using the 
Landau-Ginzburg construction. We can then construct the mirror as a Landau-Ginzburg 
orbifold and study the dependence of the singlet spectrum on the mirror superpotential. 
Since deformations of the mirror superpotential are mapped to Kahler deformations in the 
original model, we can thus predict which singlet states will be lifted by Kahler deformations 
away from the Landau-Ginzburg locus. 

In all of our examples, the exactly solvable superpotential will be a sum of terms of the 
form x^ i+2 } corresponding to an Ak i+ i minimal model at level k t and of the form x l { 1+1 + Xiyf } 
corresponding to a A +2 minimal model at even level ki = 2/j, leading to a tensor product 
of n minimal modelsjj Primary fields in the level-fc minimal model are labeled ^ l q )S -q^ where 
< I, I < k, subject to the identifications 

q~ q + 2{k + 2) s ~ s + 4 , (34) 

(and the same for q, s) as well as 

^q\s;q,s ~ & q+ k+2,s+2;q+k+2,s+2 • (35) 

Fields with even (odd) s create states in the NS (R) sector]^] We use Gepner's notation 
( q l s ) \(qs) f° r the state created by ( [35] ). The _R-charge and conformal weight of a state are 
given by 



q% Si 



ki + 2 2 



+ 2) - 5? + s| ^ 



4A;, + 8 



(37) 



for qi, Si in the standard range \q.- t — Si\ <l, —1 < Si < 2, where (ji = qi + Si for R states and 
qi = qi for NS states. 

The minimal model at level k has a partition function 

z = \ E ArxUt (38) 

l+q+se2Z 



6 We hope there will be no confusion between the minimal model levels labeled by ki and the twisted 
sectors labeled by k. 

7 In fact, s = 2 states are not primary but after the orbifold they do create highest weight states; this is 
related to the fact that the quotient projects out some modes of the supercurrents in the individual minimal 
models. 
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where A t j is the appropriate affine modular invariant at level k + 2 and the factor of 



2 



reflects the identification (35). The model enjoys a discrete symmetry G^ = "Lk+2 x Z 2 under 
which the state ( q l s ) has weights q, s. In the associated Landau-Ginzburg model we will 
be interested in the Zfc +2 subgroup of this generated by Xi >-)■ e 2n ^ ki+2 Xi in the A^+i model 
and by !->■ e 2m ^ li+l Xi and yi h-> — in the A^+2 model. 

The Gepner construction of a string vacuum as a quotient of the tensor product was 



introduced in Section 2.2 We add free fields and perform a quotient by Z d xZV;. The quotient 
introduces twisted sectors in which q~i, Sj differ from qi, Sj by k and additional twists in which 
any two s indices are shifted by 2. The gauge symmetry of the model is Eg x Eg x U(l)™ _1 . 
The SO(10)-neutral scalars in chiral multiplets are states with q = 1, h = | and q = h = 0. 
The corresponding fermion states are obtained by applying the spacetime supersymmetry 
generator, shifting q, s by one, and leading to q = — |. We will denote states in the resulting 
model by 

( h \ ... ( ^ W h \ ... ( L \ 

V 91 s i J V 9n s„ ) \q x si J \q„ s n )• 

The mirror model is constructed as a further quotient by a subgroup of G, essentially 
the subgroup under which the spacetime supercharge is invariant. The quotient introduces 
twisted sectors in which q~j is shifted relative to qj by 2t a m^ for a lattice generated by a 
set of integer vectors (and the associated projection). The result of the construction 
is 25 a model in which the primary fields are related to those of the original theory by 



q i — y —q, s i — y —s. The orbifold construction can be realized in the Landau-Ginzburg model 



as a quotient following Section 2.6 with the action on the chiral superfields given by 



(a) 

w) = - — —— for A-type x ,-• 



kj + 2 



(a) 2m j ) (a) m< j ) r n , (kj+2)/2 . 2 

= fc. + 2 ' = ^-type ^ + a?i^ 

To use mirror symmetry to study the behavior of the singlet spectrum under Kahler 
deformations away from the Gepner point, we first find the spectrum of singlets in the original 
model. For each of these we construct the mirror state and identify the twisted sector in 
the mirror quotient in which it arises. We then consider the mirror Landau-Ginzburg model 
constructed as an orbifold. The mirror superpotential will admit polynomial deformations 
related by the monomial-divisor mirror map to the toric Kahler deformations in the original 
model. In the relevant twisted sectors, we can study the change in Q cohomology when 
the superpotential is deformed, thus identifying which singlet states are lifted under Kahler 
deformations away from the Gepner point. 
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3 Deformations of the Tangent Bundle 



3.1 The tangent sheaf 

Let T denote the tangent sheaf (or bundle — we will use the terms interchangeably here) 
of a Calabi-Yau threefold X. We are interested in first order deformations of T since they 
correspond classically to massless fields allowing, to first order, a deformation of a (2,2)- 
model to a (0,2)-model. 

Such deformations are given by Ext^(T, T) = ff 1 (X, End(T)). For a simple argument 
we refer to [26], chapter 15. Methods of computing if x (End(T)) have been studied for some 



time |5j[27[[28] for cases of Calabi-Yau manifolds in products of projective spaces. Here we 
give a method that is reasonably direct for complete intersections in toric varieties. 

Let V be a compact toric variety and let X be a Calabi-Yau complete intersection within 



V. That is, we are in the context of Calabi-Yau's as studied in 29 30 . We quickly review 



the construction of V to fix notation. Let x , . . . , £jv-i be the homogeneous coordinates on 



V. That is, we have a homogeneous coordinate ring in the sense of Cox 31 

R = C[x ,...,x N ^ 1 ]. (39) 
We now have a short exact sequence 

>M >Z®*-^->£> -0, (40) 

where D is a lattice^] of rank r. Each column of the matrix <3> can be thought of as a U(l) r 
charge vector of the coordinates £j. That is, R has the structure of an r-multigraded ring. 
The toric variety is given as 

_ Spec(R) - Z(B) 

where B is the "irrelevant ideal" in R and Z(B) is the associated subvariety of C^. B is 
determined combinatorially from the fan describing V. 

Let v denote an element of the lattice D, i.e., an r-vector. If M is a multigraded R- 
module then we may shift multi-gradings to form M(v) in the usual way. Correspondingly, 
if Gy is the structure sheaf of V, then we may denote by 0y(v) the twisted sheaf associated 
to the module -R(v). Line bundles on V correspond to ^y(v) for various v G D. If V is 
smooth then every element of D defines a line bundle. 

Let qj denote the row vectors of the transpose of $. That is, q^ represents the multi- 
grading of the homogeneous coordinate Let Ty be the tangent sheaf of V. Assuming V 



is smooth, we have the generalization of the Euler exact sequence for a toric variety 32 

N-l 



3r 



0^V(q*) >T V -0. (42) 



i=0 



'Assumed to be torsion-free. 
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Let 



Q 



N-l 
i=0 



(43) 



Suppose X is a smooth hypersurface in V representing the anticanonical class. Then X is a 
Calabi-Yau manifold and we have the adjunction exact sequence: 



0- 



-T 



x 



v\x 



MQ) — ^ 



(44) 



where we denote a restriction of ^y(v) to X by 



7 x v 



Since all the sheaves in (42) are locally-free, we may restrict to X and the sequence will 



remain exact. Combining this with the sequence (44) yields the following fact. The complex 



0— ^(q;)^V<?x(Q)^0, (45) 

i 

is exact everywhere except the middle term where the cohomology is isomorphic to the 
tangent sheaf Tx- Here W denotes the defining equation for the hypersurface X. 

It is easy to generalize this to the case of a complete intersection. Suppose X is defined 
by an intersection of W\ = W 2 = . . . = 0. Let each W a have grade Q a . Then the tangent 
sheaf is given by the cohomology of 



©^(q t )^©^(Q a )^0, 



X 



(46) 



For the remainder of the paper we assume X is a hypersurface. 

Before heading into the more complicated H 1 (End(Tx)) computation it will be useful 
to consider the cohomology of the tangent sheaf itself. It is most convenient to use the 
language of the derived category D(X) to manipulate the tangent sheaf. The tangent sheaf 



is equivalent in D(X) to the complex (45), where the middle position of (45) is considered 



position zero. Suppose we have an object S* in D(X) represented by a complex 



(47) 

We can consider the total cohomology (or hypercohomology) of this complex H n (S"). There 
is a spectral sequence with 33 

E p { q = H q (£ p ), (48) 
which converges to H p+q (S"). This gives a method of computing the cohomology of the 
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tangent sheaf. The E\ stage of the spectral sequence is 

; q 



H 1 



'x, 



H°{0 



x, 



(49) 



0^ 2 (^x(q,)) 



0//'^viq;)) 



' x 



(Q)) 



0^°(^x(qi)) 



p 



Fortunately it is straight-forward to compute the cohomology groups H n (V, &x(y)) = 
H n (X, €^x( v ))- First, the cohomology groups H n (V, €V(v)) can be computed. Actually we 
need to study these cohomology groups in detail and we give a relevant method (if not the 
most efficient) in the appendix. Then one may use exact sequences of the form 



0- 



V(v-Q)- 



r x v 



-0, 



(50) 
to restrict to 

The dotted line in the spectral sequence (49) represented terms which contribute to 
if 1 (Tx), that is, deformations of complex structure. Since X is a Calabi-Yau threefold 
we know that H l {ffx) = H 2 (^x) — 0. Also, since Q corresponds to an ample divisor, 
H 1 (€>'x{Q)) = 0. The contribution to H 1 (Tx) from the zeroth row (i.e., q = 0) corresponds 



to the cokernel of the d\ map induced from the complex (45). This is given by elements 
of i?°(^x(Q)) which are not multiples of dW/dxi. This is immediately recognizable as 
deformations of the defining polynomial W modulo reparametrizations. These are the usual 
"polynomial deformations" of X. The spectral sequence then yields the following little result: 



Theorem 1 The non-polynomial deformations of complex structure for a Calabi-Yau hy- 
persurface X in a toric variety are given by 



0tfVx(q,)). 



(51) 



Perhaps the easiest way to compute this is to express it in terms of a module as a cokernel as in (50) 



and then compute the cohomology using the Macaulay 2 package 34 
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This should be compared with a similar result obtained for deformations of complex structure 
of smooth projective toric varieties 35 . 



3.2 End(T) 

We would now like to compute the cohomology groups H k (X, End(T)). These groups may 
also be written Ext x (T, T). The machinery of the derived category is well-suited to compute 
these cohomology groups as we discuss. We refer to 36 ,37 for more details. 
Given a complex 

<T= >g~ x ><f° >g x (52) 

of coherent sheaves and a similar complex we may form an object in D(Jf) which 
represents the object Mbm(& ', J^"). It is given by the complex whose nth term is 

,mm{S\^') n = Mbm{g\&i). (53) 

j=i+n 

If G Jifom(S", &') n then we define the differential of this new complex by 

rf n (0) = ^0-(-l)>^, (54) 

as in [38]. The total cohomology of the object .Jrffom^, J^) represents the "hyperext" groups 
Ext(<f,^). 

Let us apply the above to the case of the tangent sheaf. From (45) we have a complex 
representing Jtfbm(T, T) given by 



X 



0^x(q i -Q) © 0^x(q i ) er 

^x(-Q) er — - © — -0^x(q*-qi) — - © — ^x(Q) er 

e ?; ^(-q,r ' © e<<MQ-q*) 

(55) 

where the dotted line represents position zero. The maps in this complex are derived from 
XiQi and diW by using (54). This yields 

Theorem 2 There is a spectral sequence whose E\ term is given by 

Ef' q = H q {X, Mbm{T, T) p ), (56) 



where Jifom(T,T) is given by (55). This converges to 

H n (X,End(T))= Eg. (57) 



p+q=n 



This theorem gives a practical method of computing if 1 (End(T)) as we discuss in several 
examples below. 
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3.3 The Quintic 

The quintic threefold in P 4 provides a simple example to demonstrate theorem [2j As we 
will see in this paper, the quintic is deceptively simple and fails to demonstrate most of 
the interesting phenomena that can happen for counting singlets. Nevertheless it always 
provides a good example to start with. 



For the quintic, the tangent complex (45) becomes 



'x- 



^(l) ffi5 ^^i(5). 



(58) 



Before writing down the full spectral sequence we should note that Serre duality gives 

H k (X, x {v) = H 3 - k (X, t?x(-v)). (59) 

This makes the second and third row of the spectral sequence copies of row one and zero 
written in reverse. We obtain 

: Q 



HHffx{-5)) 



H°{ff x (-5)) 



e 

H 1 (^x(-4)® 5 ) 



ff°(*M-i)® 5 ) 

e 

H°(ff x (-4)® 5 ) 



H l {ffx) 
© 

© 



© 

fl'(^(4)® 5 ) 



H l (ff x {$)) 



H°(0 x (i)® 5 ) 

© 

H°(0 X {4)® 5 ) 



H°(0 X (5)) 



H\e x ) 



That is, 



V 



d 1)v 

^125 _ ,^25+350 



(60) 



(61) 



•■1+25+1 ^ (£25+350 



P 
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where we show contributions to if 1 (End(T)) with the dotted line. 

To compute the E 2 stage of the spectral sequence requires an explicit determination of the 



d\ maps in (61). This is not so bad since the monomials of degree n form a basis (up to the 
quintic defining equation) of H°(&(n)). Actually, since the holonomy of the quintic threefold 
is precisely SU(3), the tangent sheaf is irreducible and so, by Schur's lemma, i?°(End(T)) 
has dimension one. This means the map di in (61) has a one-dimensional kernel. 



The map d^ is of the form 



#°(^ x (l))® 5 

© 

H°(^x(4)) e5 



{diW Xi) > H°(ff x (5)) 



(62) 



Since clearly any degree 5 polynomial can be expressed as a sum J2i x i9i> f° r quartic g^s, 
the map d^ is surjective for any W. 

Thus the spectral sequence degenerates at E% and we obtain 

dim H\X,End{T)) = 25 + 350- 125- 1- 25 

= 224, ^ ' 



in agreement with known results 39 and section 2.4 Moreover, all 224 singlets correspond 
to (0,2) GLSM deformations. 



4 Relating the Computations 

The main point of this work lies in comparing calculations of the singlet spectrum valid 
at various loci in the moduli space of (2,2) theories. At different loci we apply different 
techniques, and in comparing the results we can find interesting relations between the cal- 
culations. 



4.1 End(T) and GLSM Deformations 



The spectral sequence of the section 3.2 is closely related to the (0,2) GLSM holomorphic 
parameters studied in (9). In addition to the toric Kahler parameters, the (0,2) superpotential 
is encoded by the maps in the complex 



>y^l © ^^y(Q) -0, (64) 



3r 



(W,Ji) 



where W G H°(0v{Q,)) specifies the hypersurface. In order for this to be a complex, this 
data must satisfy 

^E^ + E ty = 0. (65) 
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This is the famous (0,2) supersymmetry constraint. 

A superpotential specified by Ej, J { leads to the same IR physics as one specified by Ej, 
J- whenever the two are related by holomorphic field re-definitions. These re-definitions act 
on various (0,2) multiplets and can be identified with the following sections: 



neutral chiral fields 
charged chiral fields 
charged Fermi fields 



v 



, ; #°(*Mq*)), 



hjH^ffviq.-q,)). (66) 



These must of course be taken modulo gauge transformations and U(1)l invariance. The 
data in E, J and W encodes both bundle and polynomial Calabi-Yau deformations. As 
is familiar from the monomial-divisor mirror map, the latter are nicely described by toric 



geometry 40 of V and the Newton polytope for W. In particular, a choice of W fixes 
the polynomial complex structure moduli of the Calabi-Yau, as well as re-definitions of the 
charged matter fields modulo gauge invariance. 

Supposing we have fixed the complex structure on X, we can ask about the remaining 
(0,2) deformations and field re-definitions. The first order deformations <5E l and SJi fit into 
the first position (recall that the zeroth position is marked by the dotted line) of the complex 

H°{@® r2 ) 

© ® i H o (0 v {<u) 9r ) 

^..H°{0 v ( qi - qj )) > © *H°(0 v (Q)® r ). (67) 

© ©i#Vv(Q-q»)) 
H°U? V ) 



They must satisfy SE l Ji + E'SJi = 0. 

This complex is just what we get for H°(Jtfbm(T, T)), where Jrffom(T, T) is given in (55 ), 
but with two important differences. Firstly the sheaves relevant to the GLSM are defined 
over V, while those relevant to the geometric analysis are defined over X. This can lead to 
differences in the counting. For instance, in general if°(£?V(qi — q^)) ^ H°(<ff x{q.i — q?)); and 
the latter can have additional holomorphic sections. When this holds, the GLSM superpoten- 
tial modulo holomorphic field re-definitions over-parametrizes the bundle deformations, since 
there are automorphisms of the NLSM that cannot be lifted to holomorphic re-definitions 
of the UV theory. We will see an example of this phenomenon in the septic. Secondly, and 



more obviously, we are missing the first two terms of (55). These will vanish on V but there 
are examples (not in this paper) where the restriction to X can give nonzero entries. 

We should also note another subtlety in the comparison: there is a difference between 



counting first order solutions to the supersymmetry constraint (65) and demanding that it is 
satisfied to all orders. The latter leads to GLSM deformations, while the former corresponds 
to massless states accessible via the GLSM. 
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4.2 Mapping Geometry to the Landau— Ginzburg Theory 



It is interesting to compare the geometric computation of the number of singlets with the 
Landau-Ginzburg description. At a crude level we know that the numbers agree, but can 
we make a more precise map? We can make some way via a series of exact sequences as 
follows. We restrict attention to the case r — 1, i.e., there is only one U(l) charge. 
Define stf by 

^ -e^x(qi)^^(Q) -0. (68) 



(45) gives an exact sequence 

>0 X MD. (69) 

From these sequences, the following is exact: 

- Ext 1 (T, sf) Ext 1 {st, sf) - H 1 (T) - H°(s/) - 0, (70) 



C 

as is 

^H 2 (T) Ext 1 (T, */) Ext 1 (T, T) -0. (71) 

These exact sequences show how the three sources of singlets, if X (T), H 2 {T) and Ext x (T, T) 
combine into Ext (&/,&/) (minus one). 

Now let Li and L3 be the "universal" contributions from the Landau-Ginzburg theory 
at k = 1 and k = 3 respectively from table |3j That is 

^(^) - © ^©iffV(Q-qi)) -Ly -0 (72) 

e M .F (^( qj -q,)) 

is exact, and L3 = ®^ i?°(^(qj)). These statements are written for the toric variety V but 
one can show, in the case r = 1, that they are also valid on restriction to X. 

The relationship between L 1; L 3 and Ext 1 (.2/, £/) is expressed by the fact that the fol- 
lowing two sequences are exact (for generic W): 

L 3 

-C © -^©i#°(^(Q-qi)) -£1 -0 

e..#o ( ^ x(q ._ q . )) 



-C © ^0i^(^f(Q-q<)) -ExtV,^) -0 

0..iyo ( ^ (q ._ %)) 

(73) 
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It is easy to see from this that dimensions are correct, i.e., the singlet count between the 
Landau-Ginzburg picture and the large radius picture agree: 

dimLx + dimL 3 = dim H\T) + dim H 2 (T) + dim J ff 1 (End(T)), (74) 

but we also see that the precise mapping of singlets between these pictures is quite subtle. 



4.3 Orbifolds and a (0,2) McKay Correspondence 

Phases in which X acquires orbifold singularities are an interesting intermediate situation 
between the large-radius geometric phase and the Landau-Ginzburg phase. Near an orbifold 
limit point we can distinguish untwisted "bulk" states from twisted states localized near the 
singular locus. Deep in the orbifold phase, when all sizes in X other than the cycle whose 
shrinking is responsible for the singularity are taken large, the geometry near the singular 
locus tends to a limit in which the space transverse to the singular locus is simply C d ~ D /Y 
for a quotient group Y and a singular locus of dimension D. In the orbifold limit, the theory 
acquires a discrete quantum symmetry, and states can be classified by their transformation 
properties under it. Invariant states, also termed untwisted states, correspond to strings 
occupying the "bulk" of X. Charged, or "twisted" states represent strings localized near the 
singular locus. The spectrum of massless twisted states can be determined from the local 
structure of X near the singular locus. 

When X is a hypersurface in a toric variety, the GLSM provides a simple description 
of the untwisted sector. Deep in the orbifold phase, some of the chiral fields acquire large 
expectation values, breaking the gauge group down to a subgroup U(l) r x Y, r' < r. Fluc- 
tuations of these fields acquire large masses through the Higgs mechanism^ and integrating 
them out we find an effective theory of the remaining chiral fields interacting with r' ga uge 



4.1 



multiplets and via an effective superpotential W. Applying the GLSM picture of section 
to this reduced model produces singlets in the untwisted sector of the model. 

To describe the twisted sector we use the fact that twisted states are localized near the 
singular locus. This allows us to use the local geometry to find a free-field description near a 



point on the singular locus following 13 . For the reader's convenience we recall the analysis, 
recast in the notation we use here, restricting attention for simplicity to the case Y = 7L V . 
Near a point on the singular locus we pick local coordinates Xj, i — 1 ... 3, on which the Y 
action is generated by X\ i— >■ e 2mn ^ p Xi with ^rii = (mod p), and consider a free theory 
with chiral supermultiplets $j and this (non-i?) action. The twisted sectors of this orbifold 
of a free field theory, our approximation to the twisted sectors of the orbifold phase of X, 
can be described using the techniques of Section [2] simply setting W = and aij = 0. We 
find twisted sectors labeled by (k,s) where k = 1, . . .p — 1, and s = 0, 1 distinguishes R 
(s = 0) sectors from NS (s = 1) boundary conditions on the left-moving fermions. In the 

10 As usual, we gloss over the subtleties of this in two dimensions. 



24 



sector (k, s) the boundary conditions on the fields are given by 



Vi = (mod 1) < Vi < 1, 

V 

kiij ' s 

Vi = — - - (mod 1) -1 < ^ < 0, (75) 

p 2 

while hi = and hi = \. With W = computing Q cohomology is trivial, but we need to 
perform the projection onto T-invariant states, as well as the GSO projection. 

The quotient preserves the four worldsheet supercharges given to within overall factors 

by 

G~ = y^^jdxj, G + = ^2"y i dx i , G~ = y^^jdxj, G + = ^^<9x; (76) 

% i i i 

The superscripts label the charges under the fermion number currents given by 

J = ^2-Ji, Ji= ICfi, 

- * - - - (77) 

j = 2_^Ji, Ji = ipiipt 

i 

The case D = — an isolated singular point — is simplest. We study an example in 
section 5.2 The free field theory exhibits (in general) an unbroken E 6 gauge symmetry, 
and the methods we presented lead to predictions for the massless spectrum in twisted 
sectors. We find 27 and 27 multiplets and their conjugates along with the Eq singlets 
related to them by the left-moving supersymmetry which are (2, 2) moduli. These are the 
subject of the McKay correspondence. In our conventions, chiral 27s correspond to Kahler 
deformations, while chiral 27s correspond to deformations of complex structure. There will 
also be Eq singlets in the twisted sectors, for which one can attempt to find an analogous 
correspondence. Note that the conjugate states will arise in the conjugate sector, so that in 
general some of these singlet states might be lifted in pairs by deformations resolving the 
singularity. 

In the case D = 1 — a curve C of singularities — we proceed in stages. Near a point on C 
we can find local coordinates as above, such that n\ = 0. There are bosonic x\ zero modes 
in the twisted sectors, so our states will locally be described by functions of x\. A novel 
feature of this construction will be that excluding x\ means the zero mode of ipi is no longer 
Q-exact, and we will need to include it in our computations (recall that we compute in the 
right-moving R sector where tpi satisfies the same untwisted boundary conditions as x{). 
The free-field quotient preserves an unbroken E7 gauge symmetry given by the embedding 
E 7 x SU(2) C E 8 

We can then consider this quotient structure fibered over the (assumed to be) large curve 
C. The low-energy physics will be described by a nonlinear sigma model on C with the 
fields determined from the orbifold construction as above. These will couple to the spin 



n Pedants will note the missing quotient by Z2 here. 
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Figure 1: Mapping between Calabi-Yau , Landau-Ginzburg and orbifold phases. 

connection on C so that the functions of x\ become sections of appropriate bundles. To find 
the spin we note that the curvature of C breaks E 7 — > E 6 . Since this fits into the maximal 
embedding E 6 x SU(3) C E 8 we see that U(l)c must be an SU(3) subgroup. The fact that 
it must also commute with an SU(2) subgroup acting in the transverse directions (before 
taking the quotient) determines 

J c = -J 1 - J 1 + I(J 2 + J 3 + J 2 + J 3 ) . (78) 

Simply compactifying the quotient theory on the curve C will not lead to a supersym- 
metric spectrum. In fact, the local structure is not described as C x (C 2 /T) but as a fibration 
over C such that the resulting space is Calabi-Yau. In terms of our fields, the transverse 
coordinates Xj for i / 1 transform under Jq in such a way that two of the supercharges 
are invariant. Moreover, the zero mode of ipi, lying in the cokernel of Q in the nonlinear 
sigma model, becomes a section of Q, the cotangent bundle of C. When acting on a vertex 
operator corresponding to a space-time fermion in a massless chiral multiplet (with q — — |) 

will create the vertex operator for a massless antichiral multiplet (q = \). Thus fields in 
the nonlinear theory with charge q — — | and spin qc will produce massless chiral multiplets 
corresponding to H°(C,Q® qc ). Fields with charge q = \ and spin qc will produce massless 
antichiral multiplets corresponding to iJ 1 (C, fi®^ 0-1-1 ^). CPT invariance, the requirement 
that each chiral multiplet of charge qc be accompanied by an antichiral multiplet of charge 
— qc is then tantamount to Serre duality on C. 

This gives a matching between counting singlets in the orbifold language and the large 
radius language which works almost perfectly. Some interesting subtleties concerning de- 



pendence on complex structure will be seen in section |5.3.2 

The correspondence between the Landau-Ginzburg picture and the large radius picture 
proceeds typically as shown in figure [T] The orbifold corresponds to a weighted projective 
space where we essentially just consider a single C*-action (i.e., r' — 1), and so the results 



of section 4.2 apply. That is, we may relate the Landau-Ginzburg picture to the orbifold 
picture using the Li and L 3 contributions to the cascade. Then the orbifold may be related 
to the large radius limit by using the above (0,2)-McKay correspondence. 
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5 Examples 



5.1 The sextic in P| 2 
5.1.1 Geometry 

The weighted projective space Pf 2 mn with homogeneous coordinates [x , . . . , x 4 ] has a 
terminal singularity at = 0. If X is a generic hyper surf ace of degree 

6 then it will not intersect this singularity. The Hodge numbers of X are h 1,l (X) = 1 and 
h 2,l {X) = 103. The analysis of H l (X, End(T)) looks quite similar to that of the quintic. 
The spectral sequence is 



(79) 



p,q . 



P 

This gives dim H 1 (X, End(T)) = 230. As in the case of the quintic, each of these corresponds 
to a (0,2) GLSM deformation. Adding in singlets from ft, 1 ' 1 , h 2,1 and U(l) partners we would 
predict a value for the Gepner model of 230 + 1 + 103 + 4 = 338. The actual value as given 
in the table of [7] is 344. We are short by 6. 

5.1.2 The Landau— Ginzburg locus 

The superpotential is a degree 6 polynomial with weights «o = ^ and all other «j = | (we 
take % = 1, ... ,4). Working sector by sector, we find the following zero energy states with 
q = 0. 

?=-§ Q=~i (80) 



ToTol 1 )! ©7i7j|l)i6 
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In the k — 1 sector Q : £/_ 3 / 2 — > has a one-dimensional kernel for generic FT; the 

dimension increases to 5 at the Fermat point. This is just what we have already observed in 
the quintic. So, we find 307 k = 1 chiral singlets for generic W and 4 more at the Fermat 
point. 

The k = 3 states arise from the "cascade" picture described above, while the six k = 5 
states account for the discrepancy with geometry. As we will see, mirror symmetry shows 
that these states are lifted once we turn on the Kahler modulus to move away from the 
Landau-Ginzburg point. 



5.1.3 Mirror Symmetry and Kahler Deformations 



4 



The Gepner model in this moduli space is given by a (quotient of) the product A 2 @ Af 
of minimal models at level fcj = 4 and k — 1. In addition to the universal "cascade" 
states in the k — 1 and k = 3 sectors, there are six singlet states in the k = 5 sector. 
The Gepner model enjoys a discrete S 6 symmetry which permutes these singlet states. The 
Kahler deformation does not break this symmetry, so all of these singlets will be lifted by 
the deformation or none will. 

Explicitly, the six massless singlet states at k — 5 are given by permutations of 

S = ( _ 4 °2 ) ( - A ) ( - A ) ( -3\ ) ( -3*2 ) I ( 1°1 ) ( 3 2 1 ) ( 3 2 1 ) ( 2 \ ) ( A ) (81) 

For clarity we have not cast this into standard form, exhibiting it in a way that makes the 
twist manifest. 

The mirror model is given by a Zg x Z 3 quotient represented by the vectors 

m (1) = (0,1,0,0,-1) m (2) = (0,0,1,0,-1) m (3) = (1, 0, 0, 0, -2) . (82) 
The state mirror to S (obtained by reversing the signs of q and s) satisfies 

q = q + m {1) + m {2) - m (3) -m (0) , (83) 

where = (1,1, 1, 1, 1), and so will appear in the sector (k; t) = (11; 1, 1, 2). Note that 
while the mirror model obviously shares the permutation symmetry of the original, this is 
not evident in its presentation as a quotient. Thus the states related to S by permutations 
will arise in other twisted sectors. 

In the Landau-Ginzburg model the discrete group acts via 

^ = (0,1, 0,0,-1) w 2 = (0?0? l ?0) _l ) w 3 = ( l ?0?0?0; _l ) (g4) 

Constructing the Landau-Ginzburg orbifold we find in this sector the following states at 
q = 0: 

q = -\ q=\ (85) 

IoxIApIpWv) >x\xlpzp A \v) 
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where \v) is the twisted vacuum. To find the action of Q note that since vq = 0, the only term 
that can possibly contribute is ^fo(d W) . At the Gepner point d W = 2xq, and expanding 
this we find that the q = — \ state contributes to the cohomology at the Gepner point. 

The mirror Landau-Ginzburg model has a unique superpotential deformation (related 
by mirror symmetry to the Kahler deformation of the original model). This corresponds 
to adding to the Fermat superpotential the unique monomial invariant under the quotient 
group: 

5W = ipx 0X1X2X3X4 . (86) 

This modifies Q as found above, introducing a term 7qV'^i^2^3^4, which upon expansion 
gives 

SQ = h i>i\x x x 2 p\p\ , (87) 

rendering the kernel trivial. The state S, and thus all six k = 5 singlets states found above, 
are lifted for vp 7^ by a Kahler dependent mass term. 



5.2 The septic in P| 3 
5.2.1 Geometry 

Let X orb be a septic hypersurface in P? 3 1U1 ,. This weighted projective space has a codi- 
mension 4 quotient singularity but the degree of the hypersurface forces X or b to pass through 
this point. X or b thus has an isolated singularity of the form C 3 /Z 3 . 

The polytope in the N lattice associated with P| 3 is not reflexive but we may 

analyze the septic hypersurface in the general setup of the gauged linear a-model in the 
following way. Let P° be the Newton polytope in M for septics in P| 3 llu j. The 8 vertices 
are given by the equation 

XqXi + x\x 2 + x\x z + x\x z + x\ + x\ + x\ + x\. (88) 

Then define P C iV as the polar polytope. P has 6 vertices, which may be taken to be 
(1,0,0,0), (0,1,0,0), (0,0,1,0), (0,0,0,1), (-3,-1,-1,-1) and (-1,0,0,0). 

One then constructs a toric variety V associated to P with following data. The homoge- 
neous coordinate ring is R — [x , . . . ,x 5 ], the charges are given by 

<S>=(° 1 1 1 1 ~ 3 ) (89) 
\1 1 J ' 1 ' 

and let B be (xo, x^)(xi,X2, £3, X4). V is then a P 1 -bundle over P 3 . X is a smooth Calabi-Yau 
hypersurface in this. The vertices of the Newton polytope correspond to the equation 

2 1 2 1 2 1 2 . 72, 72, 72, 72 /nn\ 
X X\ + X X 2 + X Q X 3 + XqX 3 + X X X^ + X 2 X 5 + £ 3 X 5 + X3X5. (90) 

The divisor x 5 = corresponds to a P 2 C X with normal bundle ^(—3) which arises as the 
exceptional divisor of the resolution of the C 3 /Z3 quotient singularity in X or b- One easily 
computes h^\X) = 2 and h 2 >\X) = 122. 
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X has an interesting relation with the Calabi-Yau threefold X', the resolution of the 
degree 14 hypersurface in Pf 7 2221} as ^ rs ^ observed in 41 . One may follow extremal 



transitions between hypersurfaces in toric varieties 42 by shrinking the Newton polytope 
and thus growing its polar. That is, one drops terms in the defining equation corresponding 
to vertices of the convex hull of P° . Typically this makes X singular. The fact that P grows 
corresponds to a resolution of singularities which allows X to pass through an extremal 
transition. We may try to do the same thing with our septic by shrinking the convex hull of 
(pOb to that of 

2 72 72 72 72 / \ 

The polar of this Newton polytope corresponds to P| 7 2221} anc ^ thus ^ a PP ears to have 
undergone an extremal transition to X'. That said, the defining equation (91) is actually 
smooth. The supposed transition is not a transition at all and X' is merely a smooth 
deformation of X. 

Actually the septic X should be considered more generic than the degree 14 hypersurface 
X' in the following sense. All 122 deformations of complex structure of X are seen as 
polynomial deformations. For X', theorem [T] shows that 15 of the deformations are non- 
polynomial. This is because X' has an exceptional divisor of the form CxP 1 where C is a 



genus 15 curve. As observed in 43 , a generic deformation of X' will break this divisor up 
into 28 rational curves. The latter geometry is seen in a generic X. 

The analysis of H l {X 1 End(T)) proceeds as follows. The spectral sequence is 



Q 

C 316 >_ C 690 >_ C 87 (92) 


: 

000 

C 87 C 690 C 316 


V 

This has a new feature compared to the quintic and sextic of the previous sections. The H° of 
various line bundles computed in the bottom row of the spectral sequence must be computed 
on X and not copied from V. For example iif (^V(4, —1)) is trivial while if (^x(4, —1)) is 
dimension one. 

Anyway, this gives dim if ^X, End(T)) = 288. We can compare this to the Gepner model 
for X' . Adding in singlets from h 1 ' 1 , h 2,1 and U(l) partners we would predict a value for the 
Gepner model of 288 + 2 + 122 + 3 = 415, which is correct. 

The counting of (0,2) GLSM deformations following [9] naively yields 292 parameters 
associated to if X (X, End(T)). This is due to the four extra automorphisms counted by 
-£^°(<^x(4, — 1)) that cannot be lifted to the GLSM. Modulo this subtlety, we expect that 
all of the (0,2) singlets identified by the geometric computation can be integrated up to 
deformations of the (0,2) superpotential. 
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5.2.2 The Orbifold 



As argued in section 4.3, we may analyze X or b in terms of the toric picture of the weighted 
projective space. That is, we have a homogeneous coordinate ring R = C[x , . . . , x 4 ] 
with the grading giving by the weights (3, 1, 1, 1, 1) and the irrelevant ideal is simply B = 
(x ,xx, . . . ,x 4 ). 

The spectral sequence of (49) which computes the cohomology of the tangent sheaf be- 
comes 



E™ : 



1 

c 


\ 














c - 


> c 37 — >- c 158 







which predicts h 2,1 = 122 and h 1 ' 1 = 1. Recall that these are the contributions from the 
untwisted sector of the orbifold. The value of h 2,1 is correct but we need to add one twisted 
state to h 1 ' 1 to account for the C 3 /Z 3 singularity. Then we agree with above. 
The corresponding spectral sequence for End(T) gives 



-■158 (P 4 96 



(94) 



o o 







V 

which yields dimif 1 (X or b, End(T)) = 280. Comparing to above, we see that there must be 
8 twisted stated to yield to the total of 288. 

So we predict that there are 9 twisted singlets states — 1 contributing to ft, 1 ' 1 and 8 to 



i/ 1 (End(T)). Indeed the free- field calculation of 13 reproduces this. We have here two 
twisted sectors k = 1,2 and since they are related by conjugation we may restrict attention 
to k = 1. These twisted vacua are invariant under Z 3 , i.e. q g of (31) is zero. 

In the (k,s) = (1,0) (twisted R) sector we find = |, z/j = — |. As usual £?(i,o) = 0, 
and the vacuum charges are (<Z(i,o), <Z(i,o)) = i\i — §)• There are no zero modes in the internal 
theory, so the unique R ground state leads (after GSO projection) to chiral fermions in the 
16i /2 of SO(10). 
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In the (1,1) (twisted NS) sector we have z/j = |, Vi = — |. Here £?(i,i) = —\ and the 
vacuum charges are (9(1,1), <7(i,i)) = (— 1, — \)- There are thus massless states in the 10_i. 
Corresponding to these is the associated singlet (Kahler modulus) given by G + |l, 1). Internal 
excitations yield the nine massless singlet states xffj\l, 1) with charge (0, — |) of which one 
linear combination is the Kahler modulus mentioned above, as well as the state 717273 11, 1) 
with charges (2, — \). 

We thus find a chiral 27 predicted by the McKay correspondence, as well as the 9 singlets 
predicted above. 

5.2.3 The Landau— Ginzburg analysis 

The Landau-Ginzburg phase of the corresponding GLSM is described by a degree 7 super- 
potential W(x , . . . ,£ 4 ), with a = I and = | for i — 1, . . . , 4. The zero energy states 
with q = are given by 

g=-f q = -\ q=\ (95) 



7070I 1 )! ©7i7 7 -|l) 
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Once again, for k = 1, Q : ?7_3/2 — > has a one- dimensional kernel for W generic 

and a five-dimensional kernel at the Gepner point, which corresponds to, 

W = (xqXi + x[) + x\ + x\ + X4, (96) 

i.e. the minimal model D% © Af 3 . Adding up the states, we find 366 k = 1 chiral singlets 
for generic W. 

In the k = 3 sector, Q has a trivial kernel unless W 55 = W t5 = 0, but that is a singular 
superpotential. So, this sector contributes 16 + 21 — 4 = 33 singlets for any non-singular 
W. This model demonstrates the "cascade" described in 12.51 In the third sector we have 



in addition to the q = — \ states listed in (28) the set of four states of charge q — — § 
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and a nontrivial action of Q so that there are less massless singlets in this sector than the 
"universal" prediction. However, these states return in the k = 9 sector (not shown) as four 
states of charge q = — | (related by conjugation to the four states at charge q — \ at k = 5). 
Finally, we consider the k = 5 sector. Writing W as 

W = f[7] (x t ) + g[4\ (xi)x + s l x { xl, (97) 

we see that the action of Q on an arbitrary state 

|V) = (ax % + 6*^^)15) E C/_i /2 (98) 

is 

Q|V) = {2as i x i + sV^^ol 5 )- (99) 

Thus, all of the £/i/2 states are Q-exact for any non-singular W, and we find 13 chiral singlets 
in k = 5. This total agrees with the orbifold and large radius phases. 

5.3 The octic in P| 2 2 2 1 1} 
5.3.1 Geometry 

The weighted projective space Pf 2 2211} with homogeneous coordinates [xq, . . . , X4) has a Z 2 
quotient singularity along xo = x± = X2 = 0. This may be resolved to yield a toric variety 
V with homogeneous coordinates [x , . . . ,x 5 ], an irrelevant ideal £> = (x , X\,x 2 , x 5 )(x 3 , x 4 ) 
and grades given by the charge matrix 

_ fO 1 1 -2\ , 1nn . 

$= (l 1 1 1 J- ^ 10 °) 

is an octic hypersurface in Vo with defining equation, in Fermat form, 

x% + x\ + x% + {x% + xfjx\. (101) 



Mirror symmetry was studied in detail for this example in 44 . 

The exceptional set in X formed by the Z 2 -resolution is of the form E = C x P 1 , where 
C is a genus 3 curve. One has h 1,l {X) = 2, where the two deformations of B + iJ can be 
considered to be the overall volume and a size of E. One may also show h 2,1 = 86. Of these 
86 deformations of complex structure, 83 are obtained by deformations of the polynomial 



(101). The remaining 3 deformations of complex structure arise from if 1 (^'x( — 2, 1)) = 3 in 
agreement with theorem [1} The 83 polynomial deformations of complex structure preserve 
E = C x P 1 . We will see below that the remaining 3 deformations break E apart into 4 
disjoint P^s in accord with (43] . 
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The Ei stage of the spectral sequence to compute if 1 (X , End(T)) is given by 



C 208 



El 



p.q 



C 40 



•C 15 



(102) 



C 40 



V 



The map marked d\ in (102) fails to be surjective in this case which makes for more 



interesting analysis compared to the above examples. Let denote the vector space of 
degree 4 polynomials in the variables {xq,xi,X2}- Then one can show that 



coker d\ 



Ra 



(x ,xi,x 2 )(d W,diW,d 2 W) 



x 5 =0 



(103) 



This is a 6-dimensional space. In particular, for example, if W is in Fermat form then 
coker di is spanned by {x^xf, x\x\, x\x\, x\xix 2 , Xqx\x 2 , XqXiX^}- The map on row one of the 
spectral sequence is shown to be surjective in the appendix. 



If one were to replace the map a^q, in (45) with a generic map of the right multi-degree 
then the map di in (102) becomes surjective. This means that a deformation to a more 



generic (0,2)-model kills any massless states that appear at the (2,2)-locus due to a failure 
of surjectivity of d\. For this generic (0,2)-model the spectral sequence becomes degenerate 
at the E 2 stage: 



C 179 



(104) 



^2 



C 179 



P 



This yields a generic value of dimf/" 1 (X , End(T)) = 188. 

However, on the (2,2)-locus, where di fails to be surjective if 1 (Xo, End(T) may jump to 
a higher value. A precise analysis of this is not too difficult, but the technical details may 
be a little distracting. So this computation is left to the appendix. The result is that for the 
Fermat polynomial one finds dimH l (X , End(T)) = 200, but that this value falls back to 
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188 for a generic W, even on the (2,2)-locus. This kind of jumping in dimiy 1 (Xo, End(T)) 
as one varies the complex structure was seen in other examples in [5]. 

Three of the deformations of complex structure of X Q are obstructed in the sense that 
they prevent X being embedded in the toric variety we have considered so far. That said, it 
is still possible to understand these deformations in terms of a hypersurface in a toric variety 
as follows. 

V is the crepant resolution of the weighted projective space Pf 2 2 2 1 1 j. It can be viewed 
as a P 3 -bundle over P 1 . To be precise, the toric data implies it is the space 

P(^(-2) © 6® G@ 0), (105) 

over P 1 . The short exact sequence 

>0(-2) -^(-l)® 2 *G -0, (106) 

on P 1 shows that G{-\)® 2 may be viewed as a deformation of & © &{—2). That is, we 
may construct a family of line bundles over P 1 where the central fibre is © &{—2) and all 
other fibres are <ff{— l)® 2 . In the same way, there is a three-dimensional space of first-order 
deformations of complex structure that take P(^'(-2)©^ > ©^ > ©^ > ) into P(^(-l)® 2 ©^ > ©^ > ) . 

So let V\ be P(^(— l)® 2 ©^©^) which we may define as a toric variety with homogeneous 
coordinate ring R — C[xq, . . . , x^], 

*=( 1 1 1 1 ° °) (107) 
^110 11/' 1 ' 

and B = (xq, X\,x^ x$){xi, X3). Let X\ be a Calabi-Yau hypersurface. For a specific complex 
structure one might consider the defining equation 

W\ = + x\ + x\x\ + x\x\ + x\x\ + A23X5, (108) 

where A is a generic complex number (not equal to one or else the threefold is singular). 

From what we have said, X and Xi are deformation equivalent p 2 ] Putting x^ = 25 = 
in Xi forces Xq + x\ = and thus yields 4 rational curves. These 4 rational curves in X\ 
are what remains of the genus 3 curve times P 1 in Xo after switching on any of the three 
non-polynomial deformations of Xq. 

Note that X\ exhibits all 86 deformations of complex structure as polynomial deforma- 
tions. 



12 One can also show that the A-model chiral rings of the Xo and X\ GLSMs are isomorphic: these models 
are describing the same moduli space of (2,2) SCFTs. 
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Let us compute H X {X\, End(T)). The spectral sequence yields 



C 20S C 4 



E{ 



p.q 



(109) 
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The map di fails to be surjective, similarly to the X case. The next stage of the spectral 
sequence is 



E?« : 
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(110) 



V 

The g?2 maps in this spectral sequence may or may not be zero depending on the precise 
complex structure. The computation is very similar to that for X Q in the appendix. The 



result is that c?2 is zero for the specific equation (108) but becomes nonzero for a generic 
defining equation. Thus 



dimfl' 1 (A'i,End(r)) 



190 for the hypersurface (108) 
188 generically 



111) 



This fits in very nicely with the picture for X . Once again we have a generic value of 188 
for dimiJ 1 (X, End(T)) but this can increase for specific complex structures. X\ is "more 
generic" than Xq and cannot achieve as large a value for dirnif pf, End(T)). The numbers 
of GLSM deformations for Xq and X\ are, respectively, 179 and 180. 



5.3.2 The Orbifold 

X or b is the singular octic in the unresolved weighted projective space P{ 2 2 2 ii}- We may 



compute the untwisted sector easily enough in a way analogous to section 5.2.2 The result 
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is that 



h 1 / = 1 



h 2 / = 83 (112) 
dim J ff 1 (X,End(T)) = 182, 

where the subscript denotes the untwisted sector. 

X or b exhibits a genus 3 curve C of singularities and r = Z2. We now have two twisted 
sectors with k = 1, where V\ — and v a = \ for a = 2,3. Note that the = 1 sectors are 



self-conjugate, and (31) shows that the twisted vacua are Z 2 -invariant. 

In the (k,s) = (1,0) (R) sector we have v\ = 0, v a — —\. -E(i,o) = 0, and the vacuum 
charges are (9(1,0), <?(i,o)) = ( — \i ~ \)- I n this sector we have zero modes of 71 and ipi so that 
the ground state is fourfold degenerate. Letting |1, 0) denote the state annihilated by 71 and 
ipi, we have the four ground states with their associated charges and spins along C, (q, q; qc) 

|l,0)(-l/2,-l/2;l) 7l|l,0)(i/ 2 -l/2;0) $1 | 1 , 0) (-l/2,l/2;0) 7l $1 1 1 , 0) (l/2,l/2;-l) • (113) 

All of these are T-invariant and after GSO projection they lead to massless chiral supermul- 
tiplets with SO(10) x U(l)^ x U(l)c transformation properties 16_i/ 2; o © 16i/2 ; i along with 
their antichiral conjugates. 

In the (1, 1) (NS) sector we have V\ = — |, u a = 0. Here -E(i,i) = — |, and the charges 
are (?(i,i), Q(i,i)) = ( — 1, ~\)- Here there are zero modes of 7 a as well as ipi and hence the 
ground state is eightfold degenerate. With our usual notation we have 

|1, 1)(-1 ,-l/2;0) T2T3II; 1)(1,-1/2;1) la 1 1 ; 1) (0 ,-l/2;l/2) 

^l|l,l)(-l,l/2;-l) ^l7273|l,l)(l,l/2;0) $lla\ l i 1) (0,l/2;-l/2) (114) 

The first line will lead to chiral multiplets, the second to antichiral (after acting with left- 
moving excitations). The two states listed last on each line are T-odd, the others T-even. 
The T-even ground states will lead to massless chiral multiplets transforming as 10_i ; o©10i ; i 
and their antichiral conjugates. Acting with the supercharges we find the associated singlets 

G+ |l> 1) = X^aTall) l)(0-l/2;0) l0;0 
a 

G ~7273|l> 1) = (P27 3 - P37 2 ) |1, 1)(0,-1/2;1) 1q;1 ■ (H5) 

Internal excitations lead to additional GSO and V invariant chiral states as listed be- 
low, with their SO(10) x U(1)l x U(l)c transformation properties, as well as the antichiral 
conjugates 

7l|l,l) 1-2;1 

7l727 3 |l>l) l2;0 

7l727 3 |l ; l) l0;2 

7i|l,l) 1q ; -i (116) 

Xalb\ l A)i lo;0 
Pa7blM)4 l0;l 
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Note that x a ,p a have spins — |, |, respectively. 

Collecting all of this together into representations of E 6 xU(l)c we find that the chiral 
multiplets fill out 

27 © 27! © l_i © 1 2 © (lx)® 4 © (1 )® 4 (117) 

wit h the antichiral conjugates as expected. Note that one of the states in (lo) e4 is related 
by (115) to the 27o and one of the states in (li) e4 is related to the 27i. 

When we compactify on C we now find that massless chiral multiplets are given by 
holomorphic sections of Q® qc . Riemann-Roch and vanishing theorems give 

Qc < 

h°(n"°) = r qc = (us) 

qc = i 

-1)07-1) qc>l- 

For qc = we thus predict from the twisted sector one massless 27 and the single 
associated Kahler modulus, as well as 3 additional singlets regardless of the genus of C. 

Putting g = 3 for the case at hand we predict, from qc = 1 states, 3 massless 27s with 
the associated 3 complex structure moduli, as well as an additional 9 singlets. We also find 
6 massless singlets from the qc = 2 states. 

Adding together the untwisted and twisted states we obtain 




/i 1 ' 1 (X orb ) = l + l = 2, 
h 2 ' x {X oxh ) = 83 + 3 = 86 



2,1, v \ oo , o oa ( 119 ) 



as expected. More interestingly, we have a grand total of 288 singlets. That is, we predict 
200 singlets associated with if 1 (End(T)). This total agrees with the massless spectrum for 
large radius phase for the Fermat complex structure. 

So we have agreement with the large radius (and Landau-Ginzburg phase — as we see 
shortly) only for particular values of the complex structure of X . In particular, our orbifold 
computation seems, at first sight, not to depend at all on the value of the complex structure 
of Xq. How can we resolve this discrepancy? 

We do not know the full resolution of this question, but we can make the following 
observations. Our analysis in terms of free fields of the twisted sector effectively assumes 
that we were analyzing the normal bundle of C in X rather than X Q itself. The deviations 
of the geometry away from the normal bundle as we move away from C must introduce 
corrections that we have ignored so far. 

Which states counted above do we believe are reliably massless? The fields in nontrivial 
Eg representations, along with the associated Kahler and complex structure moduli, are of 
course protected by the (2, 2) supersymmetry; in addition, the 6 singlet states coming from 
qc = 2 involve only excitations along C and we do not expect them to be sensitive to the 
details of the structure of X away from the curve. The 12 additional singlet states coming 
from qc = 0,1 involve excitations in the directions transverse to the curve. There is nothing 
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to stop these states being lifted by the additional interactions introduced upon varying the 
superpotential. Thus we might reasonably expect there to be 12 fewer singlets for a generic 
complex structure. This agrees perfectly with the large radius picture. 



5.3.3 The Landau— Ginzburg locus 

Using the GLSM, it is easy to describe the Landau-Ginzburg point of the GLSM for Xq. 
Integrating out the 25 and p fields leads to a theory with fields xq, . . . , X4, with 010,1,2 = \i and 
«3,4 = g- Assigning weights [2,2,2,1,1] to the fields, the Landau-Ginzburg superpotential 
is a degree 8 polynomial in 5 variables which we denote 

W(x ...x 4 ) = W\ X5=1 . (120) 

We will distinguish the fields with different ctj by taking indices /, J = 0, 1, 2, and a, b = 3, 4. 

With these numbers in hand, we classify the zero energy states with q = as shown in 
table El _ 

For generic W we will have 244 singlets from k — 1, while for Fermat we find 248. As in 
the example of the quintic, the physical reason for the appearance of these extra singlets is 
just the Higgs mechanism. 

The k = 3 and k = 5 zero energy states clearly satisfy Q = 0, so that all of these 
correspond to massless singlets. 

The k = 9 sector states are the CPT conjugates of the states at k = 7 and the Q complex 
is the transpose of the complex for k = 7. We can thus equivalently study either sector, 
and since the structure at k = 9 more transparently reflects the description in the previous 
subsection we choose this option. The antichiral multiplets from this sector (conjugate to 
the chiral multiplets at k — 7) are determined by the cokernel of Q. Using uj = | and 
v a = y| and hence vi = —\,v a — ~ x|> the map in this sector is determined by the following 
terms 



Q 1 = l\{d I w) v =ij (djW{x) 

Q2 = la (d a W^ = 7 a [d ai W{x)-y^j p\ = lap\dabW{x) \x 3=X4 =0 



£3=2:4=0 



(121) 



where we have used the moding information, and in the second line also the absence of pi 
excitations at q = — |. 

The first of these contributes the following nontrivial Q action 

QiX/ 7 3747j|9) = X! (djW(x)) 7 374|9) , (122) 

\ / £3=0:4=0 



so that the cokernel agrees with (103). When W is in Fermat form Q 2 = and there is a 
six-dimensional space of antichiral singlets at q — |, leaving 19 chiral singlets at q — — 5. 
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g = -| 9 = -| 9 = 1 



7a7fe|l)4 

© 

7 77j|1) 9 e//^ 7a7j| 1)12 

© 

Gf 2]P/ |l) 18 ©Gf 1]Pa |l) 4 



#[6]7/|l)i50 

© 

#[7]7a|l)l40 

^p]7/|3)i8 

ffi 

^[ a i]7 a |3)4 
P/|5)s 



P/PjPxPl737 4 |7)i5 



P/7j737 4 |7) 9 ®Xapjl b \7)l2 

© 

p„7 b |7) 4 ©7/|7) 3 



a;/73747j|9}9 ©a:/Pa7fe|9)i2 

© *--F[4] 7374 1 9) 15 

^a7b|9)4©7/|9} 3 

^/|H>3 



Table 4: Landau-Ginzburg states for the octic. 

When we deform away from the Fermat form the cokernel can decrease. For instance, 
adding the term 

5W = ipx 0X1X2X3X4 (123) 

leaves Q 1 unchanged but adds 

SQ 2 = ^ (^f 3 p\ + 7 4 /4j x xix 2 (124) 

which now acts nontrivially: 

5Q 2 xipalb\Q) = ±i'x I 5 ab x x 1 x 2 'j 3 'j4\9) . (125) 

The three-dimensional image of this is clearly independent of the image of Q l so this defor- 
mation removes three additional pairs of states, leaving 16 chiral and 3 antichiral singlets at 
k = 9. For generic W, Q has no cokernel and the singlet spectrum is simply 13 chiral states. 
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To see that this is identical to the calculation in the appendix note that in general 




/ £3=0:4=0 



(126) 



= X!€ ab (d 5 W% s = 7374|9) 



using the gauge invar iance of W. 

The most obvious physical explanation for this lifting of states is via a simple mass term 
in the superpotential of the effective theory. The (anti)chiral states in k = 7 have their 
chiral(antichiral) conjugates in the k = 9 sector, allowing for a mass term that depends on 
the untwisted complex structure moduli. 

To summarize, we find 282 = 2 + 86 + 188 + 6 singlets for generic W, while the Fermat 
point has an additional 4 + 12 massless singlets. This agrees with the Gepner model value 
of 298. 

5.3.4 Mirror Symmetry and Kahler Deformations 

The singlet spectrum at the Gepner point in this model includes, in addition to the "cascade 
states" which as expected are not lifted by Kahler deformations, and the expected four 
additional singlets lifted by the Higgs mechanism under any deformation, a total of 28 
additional chiral singlets in the sectors k = 5, 7, 9. The Gepner model here is Af 3 (BAf 2 . The 
model enjoys a discrete permutation symmetry S3 x Z2 and the states form representations 
of this. This symmetry commutes with the quantum symmetry associated to the Gepner 
orbifold so that states within each twisted sector transform into each other. As always, orbits 
under the discrete symmetry are lifted together under the Kahler deformations away from 
the Gepner point, both of which are invariant. 

Explicitly, the 28 states comprise eight orbits of the discrete symmetry as listed below. 
The number in brackets indicates the size of the associated orbit. The 3 chiral states in the 
k = 5 sector form the orbit of 




[3] 



The 6 chiral states in the k 



7 sector comprise the orbits of 






6 2 





6 2 



)(-4 2 2 )(-4 2 2 ) ( 3 1 l)(l°l)(l°l)(3 2 l)(3 2 l) 
)(-4 2 2 )(-4 2 2 ) ( 2 1 l)(2 1 l)(i°i)( 3 2 l)(3 2 l) 



[3] 



[3] 



13 Assuming the higher differential in the appendix always vanishes. 
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(k: t^ , to.t?) 


Orbits 


Singlets at Gepner point 


(i; 0,0,0) 


7[2] 


7 


(1; 1,0,0) 


4 


3 


(1; 3,3,2) 


1 


1 


(3; 3, 3, 3) 


6 


2 


(13; 3, 2, 2) 


4 


3 


(15; 0,2, 2) 


2 


1 


(15; 2, 1,1) 


5;8[2] 


3 


(15; 3, 3, 2) 


3 


3 



Table 5: Twisted Sectors (k; t) in which non-cascade singlets arise 



The 19 chiral states in the k = 9 sector comprise the orbits of 

Si = ( -7 1 o) ( 0°0 )( 0°0 ) ( -4 4 ) ( -5 2 ) ( 2*1 ) ( 1*1 ) ( 1°1 ) ( 5 4 1 ) ( 3 2 1 ) 
^=(- 7 1 2 )( 0)( 0)(-5 3 2 )(-5 3 2 )|(2 1 l)(l l)(l°l)(4 3 l)(4 3 l) 
^6 = ( o°0 ) ( 0°0 ) ( 0°0 ) ( -3 5 ) ( -5 3 ) ( 1°1 ) ( 1°1 ) ( 1°1 ) ( ^1 ) ( 4 3 1 ) 
^ = (o°o)(o o)(o o)(-4 4 o)(-4 4 2)|(l l)(l l)(l°l)(5 4 l)(5 4 l) 
Ss = ( Vo ) ( 0% ) ( 0°0 ) ( -5 3 2 ) ( -5 3 ) ( 2 1 ! ) ( 1°1 ) ( 1°1 ) ( 4 3 1 ) ( 4 3 1 ) 



[6] 
[3] 
[2] 
[2] 
[6] 



The mirror is given by a 1i\ orbifold, with 

> (1) - (1,0,0,0,-2) m (2) = (0,1,0,0,-2) m (3) = (0, 0, 1, 0, -2) . 



(127) 



Table 5.3.4 shows the twisted sectors in which the mirrors of each of these states appear. Note 
that the S3 permutation permutes while the Z 2 acts as (k,t a ) h-> ( k — 4 t a , t a + 2 t a ) . 

The mirror model has two untwisted (2,2) deformations corresponding to the two toric 
Kahler deformations of the octic. We can write the general superpotential for the mirror 
model as 

W = Xq + x\ + x\ + £3 + x\ — 8^X0X1X2X3X4 — 4^X3X4 . (128) 



In each of the sectors in table 5.3.4 sectors we have computed the Q cohomology and the 
only one in which this changes when we deform W is the sector (15; 2, 1, 1) (and its three 
permutations). In this sector we have 



•3 1 1 15 15V 
■ 8' 8' 8' 16' 16/' 



~ _ / 1 _3 _3 __9_ 

\ 8' 8' 8' 16' 



16' 16' 



(129) 
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and a basis for the zero energy states at q = is 



q = 



(130) 



1iXipIp\\v)z 
1zPIp\\ v ) 
liplp\\v) 



x\pIp\\v) 
x\p\pl\v) 
x Q xix 2 pjpl\v) 



where \v) is the twisted vacuum. 

The map Q is here given by the terms Q = j\ ( djW and inserting (|129|) we compute 
for our explicit superpotential 



d 2 W 
d 3 W 



-1/8 
-3/8 
-3/8 
-9/16 



Uxlpl 



4x1 



Axi 



]\x 3 pf 



[ X\X 2 X±p\ + XqX 2 X±p\ + XoXiX^pl + x x 1 x 2 p[ 



-9/16 



m?xpfp\\^p\+^p\ 

8!x 4 p4 6 - 8*0 ^XiX 2 x 3 po + x x 2 x 3 p[ + x xix 3 p\ + x x 1 x 2 p\ 
-A{A\) 2 X pfpf (x 3 p\ + x 4 pl 

At the Gepner point (ip = \ — 0) we have 

QIi^ipIpHv) = ±x{plpl\v) Ql 2 x 2 p\pl\v) = Axtplpl\v) 



(131) 



as the only nontrivial Q action. This leaves 3 chiral singlet states in this sector at the Gepner 
point, as observed. When we deform, we find that in addition 



QlzPspM = Q1aP 3 Pa\ v ) = -Sipx xix 2 p 3 p 4 \v} 



(132) 



Thus, in this sector (and in each of the two related to it by permutations) as well as its 
conjugate sector (and its permutations) one chiral state is lifted by the ip deformation. This 
agrees with the counting above. 

Let us conclude the analysis of the octic with a summary of the counting of the singlets. 
The Gepner model has 298 singlets which may be cataloged as in table |6l In this table we 



label states "twisted" or "untwisted" according to the orbifold picture of section 5.3.2 
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Kahler form, untwisted 


1 


Kahler form, twisted 


1 


Complex Structure, untwisted 


83 


Complex Structure, twisted 


3 


iJ 1 (End(T)) generic untwisted 




i/ 1 (End(T)) generic twisted 


6 


Extra singlets at special complex structure 


12 


Extra singlets at special Kahler form 


6 


Extra singlets associated to Gepner U(l) 4 


4 


Total 


298 



Table 6: Classification of the singlets in the Gepner model. 
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A Spectral Sequence Computations 
A.l Definitions 

Let us first review how to compute the cohomology of a line bundle <^(q) on a toric variety V. 
We need to know this in some detail in order to be able to compute the necessary differentials 



in the spectral sequence in section 3^2 The method, using local cohomology, is generalized 
from Grothendieck [45] in [46]. As we describe it, this method is not completely optimized 
for efficiency, but for our purposes it is not only the actual computation of H k (V, ^(q)) 
which is important, but also the explicit form of cochains which represents it. 

We wish to compute sheaf cohomology in terms of Cech cohomology. The reasoning is 
exactly analogous to the case of projective space as discussed in [47] chapter III. 5. Let the 
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irrelevant ideal be B = (mi, m.2, . . . , mi), where m.j are monomials. Consider the open sets 



Ui = V-Z{mi). (133) 

These open sets form an open cover of V. 

The coordinate ring of Ui is given by the localization R m . consisting of functions f /mf 
for f E R. Similarly R mum = {R mi )m is the coordinate ring on [Ty = Ui fl Uj. We then 
form the local cochain complex from 

C l B {R)= />',„, ,„„. (134) 

h<-<ii 

The differential d : C B {R) -> ^ +1 (i?) is given by the obvious inclusion map with some (— l)- 7 
factors to ensure d 2 = 0. We will elucidate these signs below. 

R admits a fine grading valued in Z™ , where the grade of each homogeneous coordinate 



is a basis vector. Let a subscript p denote this fine grading. Then 46 



CUR)p = C, (135) 

{ J| neg(p)Csupp(mj)} 

where J is a subset of {1, . . . , I}, nij is the least common multiple of rrij,j E J and neg(p) 
is the subset of {1, . . . , 1} corresponding to negative grades. The differential d maps the J 
component of C* B (R) P to the J' component as zero unless J' = J U j, in which case it is 
(— l) 6 where j is in the eth position of J'. The local cohomology groups H l B (R) p are defined 
by the local cochain complex C B (R) p . Note, in particular, that they only depend on p via 
neg(p). 

The definition of Cech cohomology then gives 

&{{U i },<7) p = Cg 1 (R) p , for*>0. (136) 

We also have C B (R) P = R p . It is a fact that the covering given by Ui is affine and thus 
sufficiently fine to give Cech cohomology. It follows that 

H\V,0) p = H B + \R) p , forz>l, (137) 

and that 



H°(V,0) p = R 1 



p 



h° b (r) = hUR) = o. 



(138) 



We now have an explicit method of computing the spectral sequence in theorem [2] Fol- 
lowing the notation of [48], it is based on a double complex K p,q , where the vector spaces 
K VA have localized Laurent monomials as a basis. The vertical maps in the double complex 
are the Cech boundaries as explained above, and the horizontal maps come from the complex 
representing the sheaf in question. 
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A. 2 The example 

Let V be the resolved weighted projective space Pf 2 22 ii}- Here R = C[x , ...,x 5 ] and 
B = (xo, xi, X2, xs)(xs, %i) = (X0X3, X1X3, X2X3, X5X3, X0X4, X1X4, X2X4, X5X4). Let t denote the 
fine grading (0, 0, 0, —1, —1, 0). Then C* B (R) t is given by (starting at position zero) 

^0 ^C 16 ^C 48 ^C 68 ^C 56 ^C 28 ^C 8 MC 1 . (139) 

It is exact in every place except H^(R) t = C. A generator of H^(R) t is given by the same 
Laurent monomial x% xj 1 in the 16 localizations R mi ,mp where i — 0, . . . 3 and j = 4 ... 7. 
One can also showp 4 ] that H^(R) P vanishes unless neg(p) = neg(i). 

We now have enough information to compute H 1 {V, <^(q) for any q G D. The map from 
the fine grading to the coarse grading, D, is given by the grades (100), which we repeat here 
for convenience: 

'0 1 1 -2 N 



*=W 1 1 ij- < 140 > 

The monomial xjVj 1 has charge (—2,0), and it follows that H 1 (V, &{— 2, 0)) = C. 
Similarly 

• dimif 1 (V, &{— 2, 1)) = 3 with basis {xox^x^ 1 , xix^x^ 1 , X2X^ 1 x^ 1 } and 

• dimF^V, ^(-3, 1)) = 6 with basis 

r — 2—1 — 1—2 —2—1 —1—2 —2—1 — 1 — 2~i 

J rp rp rp rp rp rp rp rp rp rp rp rp rp rp rp rp rp rp I 

The first row of the spectral sequence has, for d"' 1 : E ' 1 -> S 1 ' 1 : 

©yfT^fa-q,))-^ © (141) 

© l F 1 (^x(Q-q l )) 
#Vx) 

In our case this becomes 

tfV(-2,0))® 3 

© -^H\0(-2,l))® 2 . (142) 

F^M,!)) 02 

Note that in each case here the restriction of H 1 (0y((\)) to H l (0 xio)) is the identity, and 
so we have dropped the subscript from 0. 
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For a quick method see, for example, section 3 of 



4!) 
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The map d®' 1 is induced from the map E in (45), which is given by 



o 
o 



X4 



X2 






\ —2x5 ^5 ' 



-^(1,0) 



l)® 3 

) 

2 



(143) 



-2,1) 



Using the Laurent monomial representatives of these cocycles we easily obtain the map 



c/ 1 



0.1 



■0 1 1 0- 
000010000000010 
000001000000001 
100000000000000 
010000000000000 

•001000000000000' 



(144) 



The spectral sequence at the E\ stage is given by (102). Now we have computed all the d\ 
maps, and we obtain 



^2 



c 6 c 185 


c 
















"c 9 
















c 9 ^ 
















c 


C 185 


c 6 







(145) 



V 

So now we need to compute the c?2 maps. Fortunately they are related by Serre duality. 
Let us focus on d®' 1 : C 9 — > C 6 . 

The map g?2 will depend upon the defining equation W. Only certain monomials terms 
will contribute to di- For purposes of argument we concentrate first on a single monomial 

The process of computing g?2 can be quite formidable in a general spectral sequence, but 
the explicit representatives of elements of the double complex K p ' q as Laurent monomials 
makes the procedure straight-forward. Consider, as an example, the monomial 
representing an element of if 1 (^(— 3, 1)) in K 0,1 . 

The map to K 1 ' 1 has two contributions. First we map C l {ff{— 3, 1)) to C 1 (£?(—2, 1) by 
multiplying by x^i, which in the case of interest amounts to multiplying by 24. We also 
map C l (ff(— 3, 1)) to C' 1 (^ > (— 1, 4)) by multiplying by d 5 W. Thus we map XqX^x^ 1 to 



0C Q 0b qOC 



x 



2 ■ 



X4 



G C 1 



-2,l))®C\0{-l,A)). 



(146) 



This is a Cech coboundary, and we can chase it downwards as follows. Recall that these 
monomial representatives of (7 1 (^ > (q)) are really 16 copies of the same monomials under the 
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localization R mumj - Computing the chain complex Cg(R) (0,0,0,-1,0,0)) we see that ^0^3 lies 
in the coboundary of the 4 copies of the monomial localized to R mi , where % = 0, ... ,3. 
Similarly XqX^x^ 1 lies in the coboundary of the 4 copies of the negated monomial localized 
to R m . , where i — A, ... ,7. 

Finally we apply d\ to push our element to K ' 2 . xqx^ 2 is multiplied by d^W , while 
Xo x 2 x 4 1 i s multiplied by —£4. Paying attention to signs, the result is x\x\ in both cases. 
That is, we have a Cech cochain which takes the value all eight patches R mk , 

fc = l,...,8. 

The fact this has the same value in all 8 patches means that this is the localization of a 
monomial in R itself. This had to be, since H^(R) = 0, and allows us to interpret 
element of H°(0(Q)). The computation of d 2 can be summarized in the following diagram: 



2 



( X 2 2) 



(xo\ ( x o x[ 

\ x Vij ' v X4 



Xo 



u 



, .2, ,2 
X X 2 

X4 



*" ( X X 2 )l, 



(147) 



X X 2 



Thus, d 2 is nonzero. 

Given a generic defining equation W with all possible monomials, this d 2 map is surjective 
and the sequence degenerates at the E 3 term: 



C 18S 


c 
c 3 






Q 


c 3 








c 


C 18S 









(148) 



So dim if 1 (A", End(T)) = 188. 

However, suppose we pick the Fermat form of the defining equation W. Studying the 
above computation of d 2 , it is clear that we can never hit monomials in K ' 2 of the form 
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x\x\, etc. Thus, the d 2 maps are actually zero. Now we go to the E± stage: 



E™: 



c 6 c 185 


c 








c 9 






Q 










c 9 








c 


C 185 


C 6 







(149) 



V 



The source of the d± map is a C 6 subspace of i? 3 (<^x( — Q))® 2 - This third cohomology 



group is not the isomorphic image of H 



-Q)) under restriction, and so we need to work 



a little harder to describe everything in terms of cohomology of the toric variety and thus 
local cohomology. To this end we may use the short exact sequence 



0- 



-(-Q)- 



-0. 



(150) 



to write &x i n terms of Oy. By using mapping cones, we may write the complex (45) 
representing the tangent sheaf as 



-Q) ( 



Wl r 



v 



, Q diW J ^ % y 



(diW W) 



©i^v(qi-Q) 



'(Q): 



'V 



(151) 

and we can take the Jrffom of this complex into itself to form a complex for End(T). The 
H 3 (0x{—Q))® 2 from above now manifests itself as H A (€>'y(— 2Q))® 2 , and the interesting 
map appears in E 5 as 



15 



d R : HH 



-2Q))® 2 H°^ V (Q)Y 



(152) 



With a little organization one can show, for example, that the Fermat form of W cannot 
give rise to a nonzero mapp^ Thus, in this case, the spectral sequence degenerates at the 
E 2 stage again, and now dimH l (X, End(T)) = 185 + 9 + 6 = 200. That is we have 12 extra 
states compared to the generic hypersurface. 
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